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ANCIENT VERSIONS OF 
TWO TRIGONOMETRIC LEMMAS 

Tojustify certain steps of the computation developed in his Sand-Reckoner, Archimedes 
cites (without proof) the following inequalities relative to the sides of right triangles: 

if of two right-angled triangles, (one each of) the sides about the right angle are equal (to each 
other), while the other sides are unequal, the greater angle of those toward [sc. next to] the 
unequal sides has to the lesser (angle) a greater ratio than the greater line of those subtending 
the right angle to the lesser, but a lesser (ratio) than the greater line of those about the right 
angle to the lesser.' 

That is, with reference to the two right triangles ABG, DEZ (Fig. 1), where AG 
equals DZ and the angle at B is greater than that at E, ZE:GB < angle B:angle 
E < DE:AB.2 
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Figure 1 

These inequalities were familiar to geometers in the 3rd century B.C. Aristarchus 
assumes both of them, as Archimedes does, without proof;3 likewise, the right-hand 
(or tangent) inequality is also assumed without proof by Zenodorus and Theodosius.4 
An equivalent result is proved in Euclid's Optics,5 but the oldest extant proof for the 
left-hand inequality appears only with Ptolemy (2nd centuryA.D.), where it is exploited 
in the construction of his table of chords.6 

The manner of Archimedes' citation of these two trigonometric lemmas indicates 
that their formal proof had already been given in the earlier geometric literature. 
Clearly, Archimedes could not appeal to Ptolemy for a proof of the chord lemma, but 
neither is he likely to have consulted Euclid for the tangent lemma. The context and 
specific configuration of Euclid's lemma are different from that in Archimedes, yet 
there is no indication in Archimedes' statement that it is an adaptation from his source. 
Further, Archimedes presents the two lemmas as a closely matched pair; we would 
thus assume that this was a feature of their formal presentation, rather than that 
Archimedes drew them from widely separated contexts. 

1 Opera, ed. Heiberg, 2nd ed., ii. 232. 
2 In modern terms this result may be expressed as 

sina: sinb < a:b < tan a:tanb, 
for angles a, b (a> b). 

3 On the Sizes and Distances of Sun and Moon, props. 4, 7, 12; cf. Aristarchus of Samos, ed. 
Heath, pp. 366-9, 376-81, 390-1 for text and translation and technical notes. 

4 It appears in Zenodorus' writing on isoperimetric figures, versions of which are transmitted 
by Pappus and Theon; see references for texts C and F in Section II below. Theodosius assumes 
the lemma in Spherics 3.11; cf. text E. 

5 Prop. 8; see text A. 6 Ptolemy, Syntaxis, 1, ch. 10; see text G. 
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Six versions of the proof of the tangent inequality and three of the chord inequality 
are extant from ancient sources. With the exception of Euclid's version, these are all 
from later writers, Ptolemy (2nd c. A.D.), Pappus and Theon of Alexandria (4th c. A.D.), 
and anonymous scholiasts. One can assume, however, that these later writers transmit 
modified versions of older treatments of the lemmas, rather than that they originated 
entirely new texts for them. The object of the present inquiry will be to explore these 
different versions in order to gain insight into the form and context of the tradition 
of the lemmas in the 3rd century B.C. 

The existence of such a set of variants provides an unusual opportunity for another 

objective, to determine the source dependencies linking the works in which they 
appear,7 and from this to gain insight into the editorial techniques characteristic of 
the later writers. While Pappus, Theon and other mathematical commentators in late 

antiquity are of minimal interest for original ideas, they are indispensable as sources 
for the older tradition. Through their editorial activities, including the preparation 
of anthologies and recensions of the older works, they became responsible for the 
transmission of these writings. But at the same time they became a screen between 
us and the classics of the tradition, the works of Euclid, Archimedes, Apollonius and 
their colleagues.8 The versions of the lemmas we are about to consider thus provide 
a valuable specimen of their methods, for they will reveal not only what kinds of 
changes the later editors introduce into their texts, but also how faithful their versions 
are to their sources. 

I. TWO SPECIMENS OF THE LEMMAS 

That all nine versions fall within a common textual tradition is indicated not only 
by their adoption of closely analogous procedures of proof, but also by the many strong 
textual parallels among them. This is nowhere more striking than in the instance of 
Ptolemy's version of the chord lemma (G) and a version of the tangent lemma 
appearing among the scholia to Theodosius' Spherics (E). For even though they 
present proofs of different theorems, and the context of neither E nor G suggests that 
it would have been consulted directly as a source for the other, nevertheless their 
structural and verbal affinities render inevitable the existence of some textual 

7 F. Hultsch has attempted a comparison of three of the variants in Pappi Collectionis quae 
supersunt, iii. 1234-5; cf. also notes 20 and 23 below. 

8 In addition to his extensive commentaries, Theon produced new recensions of the Euclidean 
works, in particular, of the Elements, the Data, and the Optics. (A useful resume of Theon's work 
is given by G. J. Toomer in his article, 'Theon of Alexandria' [Dictionary of Scientific Biography, 
vol. 13, 1976, pp. 320-5].) Commentaries on Apollonius' Conics include those of Pappus (in Book 
7 of the Collection) and Eutocius (early 6th century A.D.; edited by Heiberg in Apollonii Opera, 
ii). Eutocius also produced commentaries on parts of the Archimedean corpus (see Heiberg, 
Archimedis Opera, iii). The Prolegomena of Heiberg's editions of Euclid provide extensive 
reviews of Theon's editorial manner; his findings are summarised by T. L. Heath, Euclid's 
Elements (2nd ed., Cambridge, 1926, 1, ch. V). But Heiberg's effort to explicate the older tradition 
of Apollonius falters, I believe, on a misconception of the nature of Pappus' commentary and 
so underestimates the significance of Eutocius' role; see my 'Hyperbola-Construction in the 
Conics, Book II', Centaurus, 25 (1982), 253-91. Similarly, Heiberg's notion that the extant 
recensions of Archimedes' works appeared only in the generation after Eutocius is a basic error 
that calls into question much of his account of the older tradition of Archimedes. My current 
studies of the text of the Dimension of the Circle (forthcoming in Archive for History of Exact 
Sciences) indicate that Theon and his followers modified significantly the text of this, and perhaps 
other, Archimedean works. 
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relationship between them. Their texts are subdivided and arranged in parallel in the 

following translations both to reveal these affinities and to provide a basis for 

examining the interrelations among the other versions.9 

E. Lemma to Spherics 3.11 (ed. Heiberg, 
Theodosii Sphaerica, pp. 195-6) 

1 How it has been proved that the (line) OR 
has to RT a greater ratio than the angle under 
RTH to the angle under ROH.10 

2 Let there be a right triangle ABG, and let 
some (line) AD be produced. 

3 To prove that BG has to BD a greater ratio 
than has the angle under ADB to that under 
AGB. 
4 For let DE be drawn through D parallel to 
AG. 

5 And since DE is greater than BD, on 
account of its subtending a greater angle; - for 
it [sc. the angle at B] is right, therefore the 
(angle) under BED is acute; therefore the 
(angle) under AED is obtuse; - therefore AD 
is greater than ED,1 
6 therefore with centre D and distance DE the 
circle drawn will cut AD, but will fall beyond 
BD. 
7 Let it pass through and let it be the (circle) 
EZH.12 

G. From Ptolemy's Syntaxis 1.10 (ed. 

Heiberg, I, pp. 43-5). 

1 If in a circle two unequal lines [sc. chords] 
are drawn, the greater has to the lesser a lesser 
ratio than the arc on the greater line to that on 
the lesser. 
2 For let the circle be ABGD, and let there be 
drawn in it two unequal lines, the lesser AB, 
the greater BG. 
3 I say that the line GB has to BA a lesser ratio 
than the arc BG to the arc BA. 

4 For let the angle under ABG be divided in 
half by BD, and let there be joined AEG and 
AD and GD. And since the angle under ABG 
has been divided in half by the line BED, the 
line GD is equal to AD, while GE is greater 
than EA. Let there be drawn from D 
perpendicular to AEG the (line) DZ. 
5 Since then AD is greater than ED, while ED 
(is greater than) DZ, 

6 therefore with centre D and distance DE the 
circle drawn will cut AD, but will fall beyond 
DZ. 
7 Then let the (circle) HEO be drawn, and let 
DZO be extended. 

9 Greek texts appear in Appendix 1. Full source references for these and the other versions 
are stated in Section II below. A key to my numbered subdivisions of these texts appears in 
App. 3. 

10 The heading of E reproduces the line from Theodosius' text (Spherics 3. 11) which it 
explicates. It is not part of the scholium itself in the Theodosius MSS collated by Heiberg, but 
it does appear as a heading in the alternative version edited by Hultsch from a Munich MS, 
Monac. 301 (see note 20 below for reference). Heiberg includes this MS in his apparatus and 
designates it by M, as I shall do in the following notes. As lines E: 5, 7 and 14 reveal, M sometimes 
preserves a better text than do the versions in the Theodosius MSS. 

1 For E: 51 follow the text ofHultsch's M. Heiberg's Theodosius MSS offer a variety of partly 
garbled readings. The lines I set off by dashes are in Heiberg: 'for it is right, while the (angle) 
D is acute; therefore the (angle) under ADG is obtuse, while AD is greater than ED'. For 
comparing the relative sizes of AD and ED, the magnitudes of angles D (that is, BDE) and ADG 
are irrelevant, so that the reading in M is preferable. Adopting it, we render unnecessary 
Tannery's change of the last 'therefore' (ara) to 'while' (de). Juxtaposition with G indicates 
that the entire step set off by dashes could be considered evident, so that its appearance in E 
might have resulted from an editor's addition. 

12 E:7 follows the text of M. In Heiberg's collation one reads: 'let it pass through (heket6) 
as the (circle) E9Z'. Hultsch (p. 420n) judges the term heket6 to be unusual, perhaps 
idiosyncratic for 'let it be drawn'. I suspect an error in the oral transmission of a phrase like 
echet6 h6s ('let it hold as'), which one finds in some mathematical texts (cf. Archimedes, Dim. 
Circ., prop. 1). But passages lending support to the MS reading in E:7 can be cited (see my 
remarks in App. 2). Referring to the point O Heiberg's text entails completion of the full circle, 
rather than just an arc. This aspect of the construction would distinguish version E from all other 
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[A:6 Since now the triangle AED is greater 
than the sector EDZ, while the triangle EBD 
is less than the sector EHD,]13 
8 Therefore the triangle AED has to the sector 
EDZ a greater ratio than has the triangle EBD 
to the sector EHD. 

9 And alternately, 
10 The triangle AED has to the triangle EBD 
a greater ratio than (has) the sector EDZ to 
the sector EHD. 
11 But as the triangle AED to the triangle 
EBD, so AE to BE, 
12 while as the sector EDZ to the sector EHD, 
so the angle under ZDE to that under EDB. 
[F:8 Therefore also the line AE has to EB (a 
greater ratio than has) the angle under ZDE to 
the angle under EDB.]'5 
13 And adding, AB has to BE a greater ratio 
than (has) the angle under ZDH to that under 
EDB. 
14 Now that under EDB is equal to that under 
AGB, because ED is parallel to AG, one of 
the sides of the triangle ABG. Therefore AB 

H 
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Figure 2 
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8 And since the sector DEO is greater than the 
triangle DEZ, while the triangle DEA is 
greater than the sector DEH, 
9 [scholium inserts: 
therefore the triangle DEZ has to the sector 
DEO a lesser ratio than the triangle DEA to 
the sector DEH; 
10 alternately,]14 
11 therefore the triangle DEZ has to the 
triangle DEA a lesser ratio than the sector 
DEO to DEH. 
12 But as the triangle DEZ to the triangle 
DEA, so the line EZ to EA, 
13 while as the sector DEO to the sector DEH, 
so the angle under ZDE to that under EDA; 
14 therefore the line ZE has to EA a lesser 
ratio than the angle under ZDE to that under 
EDA. 
15 And adding, therefore, the line ZA has to 
EA a lesser ratio than the angle under ZDA to 
that under ADE. 
16 And the doubles of the antecedents: the line 
GA has to AE a lesser ratio than the angle 
under GDA to that under EDA. And 

A 

G 

D 

Figure 3 

variants of the tangent and chord lemmas; thus, I find possible a corruption from an original 
reading 'HEZ' (cf. 'EZH' in M). 

13 A: 6 is inserted from the text of A in Euclid's Optics, prop. 8 (I have altered the lettering 
to conform with the diagram of E). This happens to be the only extant Greek version of the 
tangent lemma that preserves this step in correspondence with G: 8 of the chord lemma. But the 
medieval Hebrew translation of Theodosius preserves a form of the scholium which includes this 
step (see note 21 for reference). Thus, its absence from E appears to be due to scribal omission. 

14 G:9-10 appear as a scholium in Heiberg's manuscripts of the Syntaxis. But comparison 
with Theon's commentary (H) indicates that these lines were originally part of Ptolemy's text 
(see Section III below). The steps also appear in the parallel version J (see Table I). 15 F: 8 is inserted from a scholium (F) to Pappus' Collection, where I have altered the lettering 
to conform with E. This scholium betrays a close textual affinity with E, as will be seen in Section 
III below. This step is included in the Hebrew version of the scholium (see notes 13 and 21). 
The words in parentheses follow a restoration by Hultsch, apparently based on considerations 
of parallelism with the preceding line; it appears well conceived, in view of the 'therefore' which 
opens line F:8. 
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has to BE a greater ratio than (has) the angle subtracting, the line GE has to EA a lesser 
under ZDB to the angle under AGB; [but as ratio than the angle under GDE to that under 
AB to EB, so GB to DB; and]16 therefore GB EDA. But as the line GE to EA, so the line GB 
has to BD a greater ratio than (has) the angle to BA; while as the angle under GDB to that 
under ZDB to that under EDB; for ED cuts under BDA, so the arc GB to the (arc) BA. 
the sides in proportion, and it becomes that as Therefore, the line GB has to BA a lesser ratio 
AB to BE, so GB to BD. than the arc GB to the arc BA. 

The splicing in of lines A:6, F:8 and G:9-10 (explained in the notes and Section 
III below) sets the texts of E and G into virtually perfect correspondence. But even 
without these emendations, their agreement is substantial. Indeed, they diverge only 
to the extent that, being different theorems, their constructions and proofs must differ 
too; this accounts for the discrepancies between E:2, 4 and G:2, 4 and between E: 14 
and G: 16, as well as for the consistent appearance of' greater' in the one version where 
'less' appears in the other. In certain respects, they agree where other versions provide 
alternative expressions. For instance, the phrasing in E:6 and G:6 contrasts with an 
alternative 'let the arc be drawn...' held in versions of the tangent lemma affiliated 
with Euclid's (A). Again, E and G both introduce the operation of addition (synthenti) 
late in the proof (at E: 13 and G: 15), whereas in most other versions the same enters 
immediately after the alternation (enallax) step (see the concordance in Table I). 

As for certain minor discrepancies, the manuscripts of E betray signs of textual 
difficulty at E:7, and this may account for its differences from G:7. More notably, 
where E: 5 argues from the relative sizes of certain angles (as right, acute or obtuse) 
to justify its claim of inequalities between affiliated lines, G: 5 merely asserts the 
inequalities of the lines. I have set off this portion of E: 5 by dashes in order to suggest 
its intrusive character; the fact that the analogue of this argument is absent from 
versions in Euclid (A) and Ptolemy (G), but present in the associated versions deriving 
from Theon (B and H, respectively), may indicate a Theonine association for E. A 
more precise notion of this connection will emerge in Section III. 

One item on which the traditions of both lemmas are unanimous is of particular 
interest: although the lemmas deal with the comparison of angles (or arcs) and line 
segments, the proofs turn on the comparison of the associated areas of sectors and 
triangles. The inequalities in E: 8 and G: 9 are stated in all other versions save for F, 
where they are assumed (see Table I). The claim of the lemma is obtained by 
transforming this relation by means of the proportionality of the areas and bases of 
triangles of equal height (as in E: 11 and G: 12) and the proportionality of the areas 
and arcs of sectors in circles of equal radius (as in E: 12 and G: 13). But a more direct 
procedure is possible: one could observe in G: 8 that arc EO is greater than line EZ, 
while line AE is greater than arc EH; the step in G: 14 thus follows without need of 
the proportionalities in G: 12 and 13. To be sure, one must assume the proportionality 
of arcs and angles to set this result in the form of G: 14. But since Ptolemy's lemma 
is ultimately about the arcs, he must introduce this proportionality in G: 16 anyway. 
Not only would this alternative procedure be more direct for Ptolemy's purposes, but 
it would also dispense with appeal to the arc-sector proportionality, a result which 
happens to be missing from Euclid's Elements.17 

This alternative for G: 8 turns on a fundamental relation, that chords are less than 
their associated arcs, while tangents are greater. These inequalities receive a conspicuous 

16 This parenthesised portion of E: 14 appears in M but is absent from Heiberg's other 
manuscripts. Correspondingly, M also omits the line "for ED... to BD" at the end. 

17 In a remark at the end of version H, Theon reveals his responsibility for the proof of the 
arc-sector theorem which appears at the end of Book 6 of Euclid's Elements. He thereby provided 
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statement as postulates at the opening of Archimedes' Sphere and Cylinder, Book 1,18 
but they figure as implicit assumptions even earlier in his proof of the area of the circle 
in Dimension of the Circle, prop. 1.19 Presumably, then, the form of the tangent and 
chord lemmas was fixed before Archimedes' contributions had become widely known 
among geometers. For it is more readily appreciated that the conservatism of an 
established textual tradition might resist innovations and improvements based on later 
results, than that geometers sensitive to Archimedes' refinements should have 
originated proofs where such obvious opportunities for streamlining were over- 
looked. This consideration thus suggests that the extant versions of the lemmas 
might retain vestiges of the older tradition already implied in their enunciation in 
Archimedes' Sand-Reckoner. Evidence to this effect will be examined in Section IV. 

II. THE EXTANT VERSIONS OF THE LEMMAS 

I have located six extant versions of the tangent lemma and three of the chord lemma. 
For purposes of reference, I have assigned them code letters, as follows: 

(a) for the tangent lemma 

A. Euclid: Optics, prop. 8, in Euclidis Opera, ed. Heiberg (Leipzig, 1895), vii. 14-16; 
B. Theon of Alexandria: recension of Euclid's Optics, prop. 8, in ibid., pp. 164-6; 
C. Theon of Alexandria: from the Commentary to Ptolemy's Syntaxis, Book 1, ch. 3, a lemma 

to Zenodorus' writing on isoperimetric figures, in Commentaires de Pappus et de Theon 
d'Alexandrie sur l'Almageste, ed. A. Rome, ii. 358 (Studi e Testi, 72, Vatican City, 1936); 

D. Anonymous: a lemma within an alternative version of the isoperimetric writing, included 
within the so-called 'Introduction' (Prolegomena) to Ptolemy's Book I and edited by F. Hultsch 
in Pappi Alexandrini Collectionis quae supersunt (Berlin, 1876-8), iii. 1142; 

E. Anonymous: a lemma (or scholium) to Theodosius, Spherics 3.11 in Theodosii... Sphaerica, 
ed. J. L. Heiberg, Abhandlungen der Akademie der Wissenschaften, phil.-hist. KI., Gottingen, 
N.S. 15, no. 3 (1927) 195-6;2o 

F. Anonymous: a scholium to Pappus, Collection V, prop. 1 edited by Hultsch in Pappi 
Collectio, iii. 1167; 

(b) for the chord lemma 

G. Ptolemy: from Syntaxis I, ch. 10, in Ptolemaei Syntaxis, ed. Heiberg (Leipzig, 1898), i. 
43-5; 

H. Theon: from the Commentary to Ptolemy's Book 1, ch. 10 in Commentaires... de 
Theon.. .sur l'Almageste, ed. Rome, ii. 490-2. 

a valuable clue, exploited by Heiberg, for distinguishing between the Theonine and pre-Theonine 
recensions of Euclid. An alternative version of the theorem is preserved in Book 5 of Pappus' 
Collection and provides unusual evidence for a form of proportion theory alternative to Euclid's. 
I display its association with one of Archimedes' proofs and argue a Eudoxean provenance in 
'Archimedes and the pre-Euclidean Proportion Theory', Archives internationales d'histoire des 
sciences 28 (1978), 183-244. 

18 Sphere and Cylinder, 1, posts. 1-2 and prop. 1; cf. Opera, ed. Heiberg, i. 8, 10. A proof 
along these modified lines was proposed by Hultsch as possibly the one intended in Pappus' 
assumption of the lemma; cf. op. cit., p. 311 n. and text F below. 

19 That Archimedes' Dim. Cir. is earlier than his Sph. Cyl. is argued in my 'Archimedes and 
the Elements', Archive for History of Exact Sciences 19 (1978), 211-90. 

20 The scholium has also been edited by F. Hultsch in Scholien zur Sphaerik des Theodosios, 
Abhandlungen der k. Siichsischen Gesellschaft der Wissenschaften, phil.-hist. Cl., Leipzig, 10, no. 
5 (1887), pp. 381-446 (esp. pp. 440-1); it appears also among the set of four scholia edited from 
the Munich manuscript Monac. 301 by Hultsch, in "AHMMATA EIC TA COAIPIKA. Reste 
einer verloren geglaubten Schrift", Jahrbiicher fir classische Philologie 29 (1883), 415-20 (esp. 
417). 
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J. Anonymous: a scholium to Aristarchus, On the Sizes and Distances of Sun and Moon, prop. 
5, ed. Fortia d'Urban (Paris, 1810), 121-2. 

Nine versions would seem to provide a feasible sample for documenting the 
tradition of these lemmas.21 Although several of the versions appear in relatively 
familiar works, the effort to determine their interrelations has up to now drawn little 
attention and produced but limited results. Hultsch notes of versions C, D and F a 

pattern of decreasing elegance, from F (most elegant) to C (least), the latter 

attributable, in his view, to the greater antiquity of C (taken to derive not from Theon, 
but from Zenodorus).22 Only later did Hultsch locate E; but he did not attempt to 
articulate further the relations among the versions;23 the issue is but barely touched 
on in Bjornbo's study of Menelaus and Rome's edition of Theon.24 

To establish a preliminary rough basis for comparison, one may survey the 

correspondences listed in Table I. As in the case of texts E and G, discussed in Section 

I, each text has been divided into numbered sections. Appendix 3 identifies these 
sections in relation to the cited edition for each text, but one can determine the content 
of a section, e.g. C: 5, by noting in the Table that it corresponds to E: 8 and G: 9 and 
then consulting the texts of E and G already presented. The versions are grouped into 

pairs, corresponding to natural associations which will be discussed in Section III. But 
even a casual survey of the Table affirms the structural agreement linking paired texts. 
The agreement beween G (Ptolemy's text) and H (Theon's commentary) is so close, 
in fact, that they can conveniently be listed as a merged column G/H. For similar 

reasons, I have numbered the parts of J in conformity with G/H. The double vertical 
line separates the versions of the tangent lemma on the left from those of the chord 
lemma on the right. Despite this basic difference, the textual parallelism between E 
and G/H is clear, as the discussion in Section I has shown. 

Each text has been divided into five parts: introduction, enunciation, construction, 
proof and conclusion. In the cases of C, D, E and F the introduction is not a proper 
part of the text as such, but rather the portion of the major text which has occasioned 
its insertion. Since the contexts of the versions differ, there is a corresponding variation 

among them in relation to these introductory and concluding sections. For similar 

reasons, there are occasional variations in the construction sections, as we have 

already noted for E and G. I have further articulated the section of the proof into seven 

21 Additional versions of the tangent lemma are held in the medieval Arabic, Latin and Hebrew 
recensions of Theodosius' Sphaerica. By comparison with the ancient versions, the medieval 
tradition of the lemma reveals considerable fluidity. One can perceive, nevertheless, its ultimate 
grounding in an ancient Theodosius scholium in the same tradition as E. I will occasionally note 
here one version in particular, in the Hebrew translation of Theodosius, made from an Arabic 
intermediary. (I have consulted the Bodleian MSS Hunt. 16, f. 107r and Heb. d. 4, f. 59v-60r, 
and designate it K in Section IV below.) As the detailed analysis of these documents is likely 
to be of greater interest to medievalists than to classicists, however, I prefer to undertake that 
discussion elsewhere. 

22 Ibid., p. 1235. The criterion of 'elegance' is of course to a large extent subjective; Hultsch 
here seems to take it as a synonym for 'brevity'. The notion, moreover, that elegance increases 
over time is dubious at best. Finally, his assumption that Theon's version is a transcript of 
Zenodorus' text is quite implausible, as the discussion of text C will make clear below. 

23 See his " AHMMA TA EIC TA CPAIPIKA " (cited in note 20 above). Note that Hultsch's 
principal speculation here, that the lemma is a vestige of a very ancient compilation, can be 
sustained, albeit for reasons different from those he proposes (cf. Section IV below). 

24 A. A. Bjornbo, 'Studien uiber Menelaos' Spharik', Abhandlungen zur Geschichte der 
mathematischen Wissenschaften 14 (Leipzig, 1902), 113-14. In Commentaires... de Theon 
d'Alexandrie sur l'Almageste, ii. 357 n., Rome cites Hultsch's edition of the scholia (1887) for 
remarks on readings, but not on the provenance of the text. 
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items, labelled (a) through (g). For although the versions all adopt the same general 
manner of proof, there are variations among them in the ordering of certain steps. 
Thus, the letters suffixed to some of the numbers indicate that the corresponding step 
of the proof enters here (in some cases as an implicit assumption), rather than at the 
place usual among the other versions. For instance, step (d), the operation synthenti 
for combining ratios, appears at E: 13, F:9, etc. rather than at the earlier position as 
at A: 10, B: 10, etc. 

Considerations of length prohibit presentation of the complete texts of all nine 
versions.25 A sample of vertical correspondence has been provided in the translations 
of E and G in Section I; their Greek texts appear in Appendix 1. To illustrate the 
horizontal correspondence, the Greek texts of the lines of each version corresponding 
to G/H: 5-7 are given in Appendix 2. This cross section illustrates well the separation 
of versions A, C and D from the others, and will be an important consideration in 
the analysis presented in Section III. 

The textual comparisons which follow occasionally introduce a principle which I 
refer to as the 'single-source hypothesis', to the effect that an editor has consulted 
only one source in the preparation of any given version. Of course, the ancient editors 
sometimes consulted and collated multiple sources in their production of new versions 
of major works. But in the instance of a brief fragment, like the lemmas at issue here, 
the demands of a commentary were well within the competence of the editor himself, 
and would not call for the consultation of other texts for guidance. The 'hypothesis' 
thus describes what one would expect of the editorial procedures relating to this limited 
kind of text. In most cases, the validity of the principle will be apparent, and thus not 
be a factor in the discussion of the text; but in some cases it will be invoked to assist 
in deciding among alternative interpretations. In only one instance, Theon's version 
B, will ostensible violations of the principle call for special comment. 

Table I: A concordance of six versions of the lemma on tangents (A-F) and three 
versions of the lemma on chords (G-J) 

A B C D E F G/H J 

intr 1 1 1 1 1 1 1 
enun 2 2 2 2 2 2 

3 3 2 2 3 3 3 3 
cons 4 3 4 4 4 

4 5 4 5 5 
5 (5 4 3 6 (5 6 (6 

{6 76 7 7 7 
a 6 8 
b 7 7 5 4 ce 8 9 9 
c { 8 8 6 9 10 10 

9 9 10 7 11 
d 10 10 7 5 
e 11 11 8 11 12 12 

12 
f 13 12 9 6 12 13 13 

8ef 14 14 
g 13 10 7 13d 9d 15d 15 d 
conc 14 14 14 16 16 

25 The interested reader may apply to the author for copies of the complete texts with 
translations. 
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III. SOURCE RELATIONS AMONG THE VERSIONS 

G as source for H: This would seem obvious a priori, since H is Theon's commentary 
on G. Indeed, H is merely a verbatim transcript of G with occasional interpolations 
of minor steps to explicate the proof. This sort of quotation in extenso of the passage 
being commented on is unusual, even with Theon,26 and may indicate the interest 
this theorem held for him and the significance he wished to assign to it before his 
audience.27 

It is noteworthy that the manuscripts do not hold lines G:9-10 within the body 
of Ptolemy's text, but rather in what Heiberg calls a scholium.28 The lines do appear 
in Theon (H:9-10), in complete literal agreement with this 'scholium'. Now, ancient 
technical treatises quite frequently acquired interpolations of such steps through the 
scholiasts' drawing upon commentaries. But I sense that something different has 
happened here: that Theon is merely quoting from a text of Ptolemy which held lines 
9-10, and that the 'scholium' in our MSS of G is the vestige of a scribe's attempt to 
correct an inadvertent deletion of the lines. Supporting this is the fact that Theon's 
citation gives no sign at all of interpolation on his part; usually, his additions are 
marked off by phrases like dia to ... ('on account of the fact that...'). Moreover, the 
close resemblance of the beginnings of lines 9 and 11 renders persuasive the supposition 
of a scribal omission through homoioteleuton. 

A as source for B: This would also appear obvious a priori, since B is Theon's 
recension of A. It is interesting to note that, however closely Theon adheres to Euclid's 
structure and wording throughout, he does occasionally introduce characteristic 
changes: he adds an explanation of why the arc cuts the extended baseline between 
9 and Z (B:4); he removes Euclid's statement of the relative magnitudes of the 
triangles and sectors (A: 6). He also freely modifies the lettering of Euclid's diagrams; 
this last form of editorial variation is so common among the mathematical writers that 
in general we learn to discount it as an index of the dependencies among texts. That 
is, only agreement of lettering can be viewed as significant; discrepant lettering is no 
index of textual independence. 

In the case of a text of this sort, we would naturally suppose that Theon worked 
with only a single source-text, here A, modifying it as he saw fit, but hardly needing 
to consult another text to assist his effort. A difficulty with that view is Theon's 
rewording of A: 5, for B: 5 agrees with the phrasing in E: 6 (F: 5) and G/H: 6 (see App. 
2); similarly, the steps added in B: 4 are reminiscent of those appearing in E: 5 (F: 4) 
and G/H: 5. I will attempt to explain this coincidence later. But it already suggests 
certain subtleties of interpretation necessary for us to comprehend Theon's editorial 
method. 

26 That Theon sometimes reproduces his sources virtually verbatim is revealed in his use of 
Pappus' commentaries on Ptolemy as a resource for his own; examples illustrating this aspect 
of his procedure are included in my study of Archimedes' Dimension of the Circle, cited in note 
8 above. But in such instances, one would presume Theon is transferring materials from 
documents not accessible to his students. In the case of his commentary on Ptolemy, however, 
they surely would have access to the basic text. Or does Theon's procedure here indicate that 
they did not in fact have access to the entire work, but rather only to those portions of it 
expounded by Theon? 

27 It would appear that the commentaries were associated with a lecture course on Ptolemy's 
system of astronomy; cf. Rome, Commentaires..., pp. lxxxiii, 317. 

28 Heiberg gives the lines in his apparatus with the observation 'mg. pro scholio B et... C'; 
Ptolemaei Opera, i. 44n. The codices B and C are, respectively, Vat. gr. 1594 (9th cent.) and Marc. 
gr. 313 (10th cent.), which with codex A (Par. gr. 2389, 9th cent.) are the oldest of the six codices 
collated by Heiberg in his edition. 
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C as source for D: At first glance, this hypothesis would seem beyond doubt. D is 
well viewed as a severe abridgement of C, where C itself is streamlined by comparison 
with A or B. The agreement of D with C is virtually verbatim in the last lines 
(specifically, C: 7, 9, 10 and D: 5, 6, 7) as well as in the line where the auxiliary circle 
is introduced (C:4 and D:3; cf. App. 2). The principal difference is that D introduces 
the proportionality of triangles and lines (step e) in the very first step of the proof 
(D: 4); it thus leads much more directly to the lines and angles which are the concern 
of the lemma than do any of the other versions. D exhibits the term synthenti at D: 5, 
but omits stating there the result of the procedure (contrast C: 7), and incorporates 
the result of 'alternating' within the first step (D:4; contrast C:4-6). But these 
differences do not disguise the structural and textual affinities between C and D, and 
are well within the range of minor alterations that the ancient editors introduce into 
their versions. 

This simple hypothesis encounters difficulty, however, when we consider the wider 
context of the lemmas. C is embedded within a section of Theon's Commentary on 
Ptolemy devoted to proofs of the isoperimetric properties of the circle and the sphere, 
namely, that of all plane figures with equal perimeter the circle is greatest in area, while 
of all solid figures of equal surface the sphere is greatest in volume. Likewise, D holds 
the analogous position within the anonymous tract on isoperimetric figures. In 
general, the anonymous writing shows strong affinity with Theon's version of the 
isoperimetric theorems.29 Verbatim textual agreement is frequent, although the 
anonymous version tends toward greater conciseness and its demonstrations are 
occasionally superior to Theon's. Now, Theon's own source can be surmised: the 
Commentary by Pappus on Ptolemy's Book 1. This commentary no longer survives, 
but references by Pappus himself in other works testify to its existence. That it included 
a section on the isoperimetric materials and that Theon would have exploited such 
a treatment as the basis of his own can be argued from the extant evidence.30 

This means that the tradition of isoperimetric theory originating with Zenodorus 
(3rd century B.C.) has reached Theon through the mediation of Pappus.31 Did Theon's 
version in its turn become the source for the anonymous writer? This proposal has 
obvious advantages, in view of the strong affinities between the two versions. But a 
careful comparison with parallel evidence from the alternative treatment of isoperi- 
metric figures in Pappus' Collection leads to a different view: that the anonymous 
writer, like Theon, is working from the version in the lost Commentary by Pappus.32 

It follows that the same is true of the lemmas contained within these versions: the 

29 This aspect of the relations of the versions of the isoperimetric writings is not emphasised 
in the principal discussions; cf. Hultsch, Pappi Collectio, iii. 1189-90; Rome, op. cit., ii. 355-6n.; 
J. Mogenet, Introduction a l'Almageste, pp. 37-9; H. L. L. Busard, 'Der Traktat De 
isoperimetris', Mediaeval Studies 42 (1980), 61-2. I examine this issue in a paper in progress on 
the isoperimetric versions of Pappus, Theon and the anonymous author. But aspects of the 
question appear in my study of Archimedes' Dimension of the Circle (cited in note 8 above). 

30 I present this evidence in my paper on the Dimension of the Circle (see preceding note). 
31 Theon introduces this section of his commentary with an explicit reference to Zenodorus: 

'We shall now make the proof of these things in epitome from the things proved by Zenodorus 
in the (book) On isoperimetric figures' (Commentary on 1.3; ed. Rome, ii. 355). This had led 
Hultsch and others to assume that Theon has directly exploited a writing by Zenodorus. But 
the case for his dependence on Pappus is clear, and this provides the appropriate basis for 
discerning the relations among the three isoperimetric writings. I undertake this project in the 
paper in progress cited in note 29. 

32 The relevant passages are cited and discussed in my paper on the isoperimetric writings 
(cf. notes 29 and 31). Many of them can be identified in the annotations provided by Hultsch 
to his translation of Theon's version; cf. Pappi Collectio, iii. 1190-1211. 
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anonymous version D is not based directly on Theon's version C, so that the affinities 
between C and D result from their parallel dependence on a common source. Can we 
suppose that this source was a version of the lemma held in Pappus' lost Commentary? 
Our ability to do so turns on how we interpret the citation made by D in its 
introductory line: 

(D: 2) But that GO has to OK a greater ratio than has the (angle) under GZO to that under 
KZO has been proved by Theon in the Commentary of the Small Astronomer (mikros 
astronomos); nevertheless, it shall also now be proved. 

The anonymous writer of D thus informs us that an alternative proof appeared in 
Theon's 'Commentary of the Small Astronomer' and that his own readers were 
assumed to be familiar with that Commentary. The reference is difficult to pin down 
precisely. If we accept the text of D, it appears to speak of an introductory commentary 
on the technical literature of astronomy; presumably, the beginning student would 
be the 'small astronomer' of the title. This is reminiscent of a term for the minor 
astronomical corpus, mikros astronomoumenos, that is, the 'Small Astronomizing 
<Locus)', in Pappus.33 

The text of D here has been doubted by editors, who argue that the writer must 
have slipped, and that he intended to say the 'Great Astronomy', namely, Ptolemy's 
Syntaxis. In this way, they claim that he was referring to Theon's Commentary on 
Ptolemy's Book 1.34 Since this is our source for C, it would follow that D here declares 
C to be its source. What makes this view improbable, however, is that Theon's 
Commentary on Book 1 contains the entire sequence of isoperimetric theorems. Thus, 
if that writer could assume his readers' access to this commentary, his entire effort 
to produce a version of the isoperimetric theorems would become mere redundancy. 
We infer instead, then, that his audience had access to another commentary, the' small' 
one, which could provide them with an alternative version of this particular lemma, 
but certainly not the whole section on isoperimetric figures. Although the nature of 
this commentary remains unclear, it is likely that it would include coverage of the 
introductory textbook, Theodosius' Spherics. For this work is listed among those in 
the minor astronomical corpus35 and it provides a context for the insertion of a proof 
of the tangent lemma, as the situation of version E makes clear. 

To return to our question, did the 'great' commentary from which the anonymous 
writer drew his materials on isoperimetric figures include a proof of the tangent lemma? 

33 Book 6 of Pappus' Collection bears the heading: 'containing the resolutions of difficulties 
in the small astronomizing (locus)'; cf. the edition of Hultsch, ii. 474. 

34 Ibid., p. 1143n.; cf. also Mogenet, op. cit., p. 38 and Busard, op. cit., pp. 61-2. But Hultsch 
elsewhere admits the possibility that the Pappus reference is to a commentary on the minor 
corpus; cf. "AHMMATA", op. cit., p. 415. 

35 Pappus' Book 6 includes lemmas to propositions in Theodosius' Spherics, Autolycus' On 
the Moving Sphere, Theodosius' On Days and Nights, Aristarchus' On the Sizes and Distances 
of Sun and Moon, Euclid's Optics and Phaenomena. To these some editors add Euclid's Data 
and the pseudo-Euclidean Catoptrica, Autolycus' Risings and Settings of the Fixed Stars, 
Hypsicles' Ascensions, and Menelaus' Spherics (cf. ibid., p. 475n., citing Fabricius), presumably 
through comparison with the intermediate curriculum in the Arabic astronomical tradition. An 
overview of the minor writings in spherics is given by 0. Neugebauer, History of Ancient 
Mathematical Astronomy, iv D 3, 1; 3, 3; 3, 6; Neugebauer views the tradition of a 'little' 
astronomical corpus as the invention of moder bibliographers and doubts that any standard 
collection of this sort existed in ancient times (ibid., pp. 768-9). He thus maintains that one does 
not know which of Theon's commentaries is referred to by the isoperimetric writer (in text D). 
Neugebauer's caution on this point is salutary, even if his dismissal of the ancient evidence is 
a bit cavalier. 
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Both affirmative and negative responses face some difficulties. If it did, we should 
wonder that at this point alone the writer chooses to acknowledge that a proof he 

gives can be found elsewhere; by contrast, he cites Archimedean theorems now and 

again, but only to justify the omission of their proofs. Without the check of the 
alternative treatments in Pappus and Theon, we could never have grasped the degree 
of the anonymous writer's dependence on a prior source for the whole sequence of 

isoperimetric theorems. 
It is thus attractive to suppose that his source did not prove the lemma. The 

statement in D:2 would thus signal that the author has had to step away from his 
principal source and consult another one for his proof. On this reading, it would be 
plausible to infer that D:2 actually identifies this source. Indeed, I think that is the 
natural inference from this line, and those editors who have recommended changing 
'small' into 'great' are implicitly assuming the same. Now, however, the citation is 
being taken to refer to a different Theonine commentary. 

Since the textual affinities of C and D are manifest, it must follow that C is related 
to that same commentary. But a new difficulty emerges: is it plausible to suppose that 
the two commentators have managed independently to consult the same work in order 
to supply this gap in their isoperimetric source? In general, such a coincidence would 
be assumed unlikely. But that does not appear to be so here. That Theon would choose 
to consult one of his own introductory commentaries here is not surprising. What 

might require explanation is the anonymous writer's decision to make the same choice. 
But our text of D makes clear that he has chosen it, and why: the work is well known 
to his audience. The coincidence of choice is thus understandable, and becomes the 
less surprising, the closer we set the anonymous writer to the academic environment 
of Theon. 

Determining the relation of C and D has thus proved unexpectedly complex. The 
simple hypothesis, that D used C as source, has yielded to the view of their parallel 
dependence on a common source, now lost, which we may designate [C']. Either [C'] 
was included in Pappus' Commentary on Ptolemy's Book 1, or it was given in Theon's 
Commentary of the Small Astronomer. The latter alternative seems preferable, and 
carries with it a strengthening of the association of our anonymous writer with the 
circle of Theon and his associates. 

E as source for F: As a preliminary hypothesis this can be argued on several counts: 
F betrays good verbatim agreement with E (cf. in particular E:6, F:5). The marked 
terseness of F suggests it to be an extract from E (or a very similar version), adapted 
to the special context afforded by Pappus' theorem. One can also readily explain why 
E might have been consulted as the source for F: in Pappus' Book 5 there appears 
another version of the isoperimetric materials, but where Theon and the anonymous 
writer insert the lemma, Pappus' text (at F: 1) merely reads: 'for this is proved in the 
lemmas to the Spherics'.36 On this basis, a reader of Pappus could consult the source 
named, and then supply the lemma as a scholium in abridgement of the source. The 
notion that, conversely, E might be an amplification of F is discouraged, first, by the 

36 Collection, ed. Hultsch, i. 310. A scholium to the Optics, prop. 8 in Theon's recension (our 
text B) reads: 'In the 1 th theorem of the 3rd book of the Spherics you will find outside [sc. 
in the margin] a scholium which you may compare with the present demonstration' (Euclidis 
Opera, ed. Heiberg, vii. 261); Heiberg notes that the Optics manuscripts which hold this scholium 
also include Theodosius' Spherics. Although this scholium appears to be due to a scribe after 
the 10th century, one would hardly suppose that the ancient commentators were incapable of 
the same kind of cross-referencing. A procedure like this is suggested in my comments here on 
texts E and F. 
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difficulty of explaining why a commentator on the Spherics would consult a scholium 
to Pappus for such a lemma, and, further, by strong textual parallels between E and 

G/H on lines absent from F. 
It is important here to note an alternative hypothesis: that E and F might derive 

as parallel recensions from a common source. On at least one point (E:4 and F:4) 
F actually provides a clearer text than E does, suggesting that E here has amplified 
in a confused manner a step transmitted faithfully by F. Moreover, the sequence of 
lines E: 11, E: 12, F:8, E: 13/F:9 follows exactly the sequence of G/H: 12, 13, 14, 15, 
providing a complete argument where neither version E nor F is complete of itself. 
It is possible, to be sure, that the text of E in the extant Theodosius MSS. does not 

preserve the oldest and best form of the scholium. For the tradition of marginalia will 
in general be more fluid than that of their associated works. Specifically, as the notes 
to the translation of E in Section I above indicate, the inferred Greek prototype of 
the medieval recension of Theodosius appears to hold the scholium in a more 

satisfactory condition, more like the merged text of E and F than either of them 

separately. 
Thus, if we maintain, as seems reasonable, that F is based on E, it is nevertheless 

on a form of the scholium different from that extant in Greek. This form, which we 

designate [E'], will be discussed below in connection with the correspondences between 

E/F and G/H. 
It remains to establish the relations among the principal versions A, C, E, G, and 

J and to account for the coincidences between B, E and G/H. 
The source of C: The comparison of C and D above has revealed their probable 

dependence on a version [C'] from a lost 'Commentary on the Small Astronomer' 

by Theon. If [C'] in its turn is based on any of the versions now extant, we would 

presume that to be B, for that is a version produced by Theon himself, in his recension 
of Euclid's Optics, and it is in fairly good agreement with B over all (cf. Table I). 
Nevertheless, there are discrepancies which affiliate C more closely with A than with 
B. For instance, where B has ho... kyklos graphomenos..., 'the circle drawn...' (B: 5), 
C has kyklou periphereia gegraphth6, 'let the arc of a circle be drawn' (C:4), in 
agreement with A: 5 (see App. 2). Thus, despite the obvious closeness of A and B, 
C agrees with A at a point where A and B happen to diverge. Further, C:3 effects 
the construction of the figure more in the manner of A :4 than of B:4. It might appear 
that C: 10 follows B: 13 rather than A. But C's statement of the lemma entails a proof 
cultiminating in (g), a result merely intermediate in A (indeed, A does not actually 
state this step as such); thus, we may suppose a procedure in which C eliminates the 
superfluous step in A:12 and then immediately deduces from A:13 (= C:9) the 
desired conclusion (g) in C: 10. In context, such a modification of A by C is quite 
natural, and so need not indicate explicit dependence on a source like B which effects 
the step similarly. 

These considerations point to A as the source version for [C'] and suggest that a 
prior awareness of a text like C may have affected B, Theon's edition of A, by revealing 
to Theon the intrinsic interest of the result (g) and thus encouraging the juxtaposition 
of the triangle-line and sector-angle proportionalities (B: 11-12; cf. C:8-9). We are 
thus led to infer that Theon produced his 'Small Astronomer', and perhaps also his 
Commentary on Ptolemy (the sources for [C'] and C, respectively), at a time when 
he did not have ready access to his own recension of Euclid (our source for B); and 
that is most easily accounted for under the assumption that Theon produced his 
edition of Euclid after his work on the commentaries. This might seem to be a 
surprisingly specific inference, but it is hardly unreasonable. It also helps account for 
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certain features shared by B and H (to be noted below). On this point, however, we 
must allow that versions unknown to us could have served as bridge between A and 
[C']. 

The source of E: We have already remarked on evidence of a lost version [E'], also 
circulating as a scholium to Theodosius, which works well as the prototype of E and 
F. Among other extant versions of the tangent lemma, B has the closest affinities with 
E. In particular, there is verbatim agreement in the phrase 'the circle drawn will fall 
beyond...', held in B: 5 and E:6, which contrasts with the phrasing in A: 5 and C:4. 
There also seem to be closer correlations between B:4 (where certain angles are 
identified as right or acute) and E: 5 and between B: 6 (' let it be drawn and let it be...') 
and E: 7 than with analogous lines in the other versions. 

This hypothesis at once raises a difficulty: why would a scholiast to the Spherics 
consult Theon's recension of the Optics for this lemma? There seems to be no evident 
reason. More important, this view would leave unexplained the striking textual 
agreement between E and G/H, as we saw in Section I and will consider again below. 
Moreover, since the relevant points cited above which distinguish B from A can be 
accounted for through a certain influence of G/H on B, there is no longer a specific 
indication of E's dependence on B. On the 'single source' hypothesis, Theon has 
effected mental collations of G/H into B, while working with another text (A) as his 
direct source. In effect, he has remembered details of earlier efforts on these lemmas 
and worked them into the later versions. 

The source for [E']: On the basis solely of literal textual correspondences, one might 
be led to conclude that H is source for [E'], for E conforms closely with G/H 
throughout, and agrees with H on several points of minor discrepancy between G and 
H (cf. E:5-7 and G/H: 5-7). For instance, 'therefore' in E:8 (F:7) can refer, as it 
stands, only to the construction completed in the preceding line, but in fact ought to 
refer to a missing premise; in H: 9 the same 'therefore' refers to the required premise 
stated in G/H: 8.37 It thus appears that the scribe of E has condensed a text like that 
in H by removing H:8, but in so doing failed to notice that the 'therefore' in H:9 
had now lost its referent. By contrast, versions B and C, in the analogous relation 
to A, upon deleting A:6, transfer its 'since' in place of the 'therefore' in A: 7, and 
thus obtain a new line in proper logical relation to what precedes it. 

But H is hardly possible as source for [E'], since it treats of a different lemma from 
[E']. In producing [E'] the scholiast would surely have access to some version of the 
tangent lemma (for instance, A); it thus seems implausible that he should prefer to 
construct an alternative version modelled after the chord lemma in G/H, rather than 
simply reproduce or modify that version of the tangent lemma.38 We would naturally 
suppose, moreover, that a scholiast to the Spherics could find within the reference 
literature on spherical geometry a suitable model for his effort. 

Hultsch has conjectured the existence of a body of lemmas, ultimately of pre-Eucli- 
dean origin, compiled for use in the study of the corpus of spherics. His argument 
relates version F of the tangent lemma to the line (F: 1) in Pappus' Collection which 
occasions its insertion as a scholium: 'for this is proved in the lemmas to the 
spherics'.39 Hultsch's conjecture is compatible with the view I am presenting here, in 

37 As indicated, G: 9-10 appear as a scholium in the Ptolemy manuscripts (see note 28 above). 
But the fact that their analogues appear in J:9-10 and E:8-9 (see note 14) supports the view, 
already argued by comparison with Theon's version in H:9-10, that they were indeed part of 
Ptolemy's text. 

38 It is far from being a trivial insight, one may note, to perceive how a proof of the tangent 
lemma might be refashioned into a proof of the chord lemma, or conversely. 

39 For Hultsch's view, see his " AHMMA TA", pp. 415-16. 
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that a collection of lemmas of the sort he proposes would be a possible source for [E']. 
But his argument depends critically on the authenticity of line F: 1 in our text. If, as 
seems best, we take the phrase 'lemmas to the spherics' to refer not to the general 
field of spherics, but to a specific treatise, namely, the Spherics of Theodosius, then 
the reference is either to a commentary on this work or to a scholium held in the 
manuscripts; for the term lemmata commonly has both meanings. Now, it is difficult 
to accept that the tangent lemma had become attached as a scholium to the text of 
the Spherics before the time of Theon; for Theon would not then have needed to 
include its proof in a commentary, as D: 2 informs us he did. Further, no genuine line 
in Pappus could refer to work by Theon, since Pappus' activity preceded Theon's by 
about a generation. Doubtless, others had compiled commentaries on Theodosius 
before Theon, and Pappus' line could refer to some one of these. But it is more 
straightforward, I believe, to view F: 1 as an interpolation referring to a commentary 
like Theon's or to annotated manuscripts of the Spherics, as known to students well 
after the 4th century. Pappus' text reads satisfactorily without this line, while the 

interpolation of such remarks is commonplace throughout the ancient mathematical 
literature.40 

The case for some form of ancillary writing on spherics does not depend merely on 
the discarded reading of F: 1, however. For the close textual conformity of Ptolemy's 
chord lemma (G) and the version of the tangent lemma in the scholium to Theodosius 
(E) compels serious consideration of the hypothesis of a common source in which both 
lemmas were framed as complementary results on the measurement of angles. Further, 
the technical agreement between G and A, the tangent lemma in the Optics, reveals 
that Ptolemy was not composing his own new version of the proof; but the hypothesis 
that he adapted the Euclidean proof would ignore the attested existence much earlier 
of a proof of the very theorem he requires - namely, through its assumption by 
Aristarchus, Archimedes, Zenodorus and Theodosius - and would leave unexplained 
the textual differences which separate G from A but link it with E. 

The placement of J: Our third version of the chord lemma, the Aristarchus scholium 
J, is evidently in good structural agreement with G/H, as the concordance in Table 
I indicates. Yet no hypothesis of its simple dependence on G/H can survive the scrutiny 
of textual details. At some points, J is severely abridged; for instance, J: 12-13 read 
merely' and base and angle', in place of the full statements of the two proportionalities 
in G: 12-13. On the other hand, J:5 holds a clumsily conceived justification of the 
claimed inequalities quite different from that in H: 5 (see App. 2), and so suggests an 
interpolation into a text which had omitted an explanation, as is the case with G:5. 
The ratios in J are throughout the inverses of the equivalents in G/H; this difference 
is without technical interest, but induces systematic discrepancies in the respective 
wordings. 

More remarkable, however, is the construction in J, which bears little resemblance 
to that of G/H. In J, to the given triangle ABG, with AG > AB (Fig. 4), there is drawn 
the parallel to BG through A, AD is drawn perpendicular from A to BG, a line equal 

40 Source references to the Elements and other standard treatises are a common form of 
interpolation in mathematical writings, and are typically bracketed by the modern editors. 
Hultsch includes over a dozen scholia of this sort in an appendix to his edition of Pappus 
(Collection, iii. 1173-86), and many others within the body of the text. Inserting such references 
is a common practice of the later commentators, as one can see in the numerous citations of 
Apollonius appearing in Eutocius' versions of theorems by Archimedes, Dionysodorus and 
Diodes (cf. Archimedes, Opera, ed. Heiberg, 2nd ed., iii. 134, 138, 142, 144, 154, 168, 170). In 
this way, Eutocius' text has come to include anachronisms, since these geometers lived before 
or just at the time of Apollonius, and so were either unable or unlikely to have cited his Conics. 
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to DB is marked off DG as DE, and AE is drawn. With centre A and radius AE the 
circle EZH is drawn (J:6); EZ is joined and extended to meet the parallel at O (J:7). 
With reference now to the triangles OAZ, ZAE and the sectors HAZ, ZAE the proof 
proceeds in close conformity with G/H. 

The construction in J is not only simpler than that of G/H (cf. Fig. 3), but also 
closer to that adopted in the proofs of the tangent lemma. For if we continue the arc 
ZE to meet the extension of AD at K (Fig. 5), we obtain the figure employed in version 
E (cf. Fig. 2). In view of this, we must suppose that J preserves better witness to the 

figure in the older tradition of the chord lemma than does G. For only through a stroke 
of luck could J have so modified the figure of G as to bring it into conformity with 
the figure of the tangent lemma. By contrast, Ptolemy might have reasons for altering 
a figure like J's into his more elaborate form; in particular, G figures the sides of the 

given triangle as chords of associated arcs of the circumscribed circle, in accordance 
with the demands of Ptolemy's theorem. 

To identify the sources which Ptolemy and the scholiast of J are most likely to have 
consulted for results like these we do best to turn to the ancient traditions of spherics 
and mathematical astronomy. As we shall next see, works of this kind, attested from 
Menelaus and Apollonius, provide precisely what we require. 

IV. SYNTHESIS 

The relations among the texts, as argued above, are consolidated graphically in Table 
II (where, as before, square brackets indicate versions whose existence is hypothetical). 



Table II: Proposed relation of versions of tangent and chord lemmas 

[E"] [G'] . 
tangent chord 
lemma / A J G lemma 

[C'] 

IE'] \D/C / 

E \H/ 
F B 

K 

The diagram is not a stemma in the strict sense, since the individual documents are 
not texts of the same work. But a rough chronological scheme of the textual affinities 

among the several versions of our two lemmas can be helpful, as long as it is not 
misconstrued as a presumption of certainty. While some links, such as that of G and 
H, are indeed beyond doubt, others are open to alternative possibilities. In particular, 
the relations among A, C and D are difficult to fix precisely. 

Testifying to the lemmas are nine different versions - ten, if one includes the 
medieval Hebrew version, which I designate as K in Table II. Despite this, it is 
apparent that any effort to describe their connections must invoke additional lost 
versions. Even in cases where a direct textual link seems at first clear, as with C and 
D, a closer look reveals the need to introduce intermediaries. Our two lemmas turn 
out to be quite versatile, applying to a variety of contexts, and thus stimulating a 
diverse range of editorial modifications. The loss of pieces of evidence is significant 
even for the period of later antiquity, from which most of our texts derive, and it 
becomes markedly more significant as we turn to earlier phases of the tradition. 

It is thus surprising how stable the tradition of these texts is, on the whole. Our 
editors hold to the same basic manner of proof throughout; on occasion they will add 
or delete steps, or change their order. But only in G, Ptolemy's version of the chord 
lemma, is the construction of the figure modified in a nontrivial way. Even on matters 
of phrasing, the repertory of the commentators is limited. 

Theon bears responsibility for three of the extant versions, as well as a fourth version 
no longer extant. The sequence [C'], C, H, B is suggested as the order of composition. 
C is the version in his Commentary on Ptolemy's Book 1 (ch. 3), inserted within his 
presentation of the isoperimetric theorems of Zenodorus. C has strong textual affinities 
with D, in the anonymous tract on isoperimetric figures; one infers thereby the 
existence of the lost version [C'] in Theon's 'Commentary of the Small Astronomer'. 
Reminiscences of A in C and D thus link [C'] to the version in Euclid's Optics. If that 
link is indirect, we must postulate lost versions. But Theon did have access to the 
Optics, since he cites it several times in the same Commentary on Ptolemy. On the 
hypothesis of a direct use of the Optics, it may seem odd that Theon has consulted 
the older Euclidean edition (for A), rather than his own new recension (for B). But 
this need only reflect the nature of the sources then readily accessible to him, and so 
recommend the view that this recension was prepared after his astronomical 
commentaries. H is the amplified version of G which Theon includes a bit later in the 
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same Commentary on Book 1 (ch. 10), and is a close literal transcript of Ptolemy (G), 
with occasional elucidations of a minor sort. Since B agrees with H on subtle 

divergences from A, one would place Theon's work on B after H; for the procedure 
of deliberately collating A and H to produce B is implausible, especially since A and 
H deal with different lemmas. One can readily understand how Theon, having already 
prepared H, might later inadvertently incorporate a few of its stylistic variants into 
his recension of B; this would account for the affinities of B: 4-6 with H:5-7. 

Comparison of the Theodosius scholium E and the Pappus scholium F has indicated 
their parallel dependence on a closely related source. For their over-all agreement is 
close, yet each contains elements lacking in the other. This is confirmed by K, also 
a scholium to Theodosius in its medieval Hebraeo-Arabic translation. For K provides, 
in effect, a merged text of E and F, and so is likely to preserve a more faithful version 
of their shared source than they do. E, F and K have that source [E'] as a scholium 
to Theodosius. But it would not have entered the manuscript tradition of the Spherics 
before the time of Theon, since [C'], a proof of the same lemma, falls within a 

commentary apparently associated with the literature of spherics. 
The most surprising fact to emerge from this survey is the virtually literal 

correspondence between Ptolemy's version G of the chord lemma and the version E 
of the tangent lemma attached as a scholium to the Spherics. The conformity is 

especially striking between E:5-6 and G/H:5-6, and between the sequences E: 11, 
12, F:8, E: 13/F:9 and G/H: 12-15. While it is of course clear that Ptolemy himself 
originated only a small portion of the technical contents of the Syntaxis, one would 
have supposed that he bore a high degree of responsibility for its text. But the present 
lemma reveals that he was willing in at least this instance merely to transcribe materials 
from his sources. Comparison with J, the chord lemma in the Aristarchus scholium, 
reveals that at best Ptolemy has reframed the construction of the figure in ways 
inessential for the proof. It is of course beyond the scope of the present inquiry to try 
to determine where else in the treatise this might also apply; but without doubt, further 
research can be expected to reveal places where Ptolemy owes a comparable debt to 
earlier treatises, such as those of Menelaus and Apollonius. 

From the agreement of E and G one infers the prior existence of a pair of versions, 
[E"] and [G'], serving as sources for [E'] and G, respectively. Both lemmas are applied 
by Aristarchus, and they are enunciated as a doublet by Archimedes.41 Thus, some 
work related to the elements of trigonometry and in some way descended from the 
works available to the 3rd-century B.c. writers must have furnished the sources for 
both E and G. A work of this description is attested in Theon's Commentary on 
Ptolemy, namely the treatise On Chords (lit.: On the Lines in Circles) composed in 
six books by Menelaus and based on a work of the same title in twelve books by 
Hipparchus.42 In view of Ptolemy's dependence on Menelaus' Spherics for basic results 
in spherical geometry, we may readily suppose that Ptolemy's table of chords in 
Syntaxis, 1.10 drew significantly from Menelaus' Chords. 

Testimony of an even earlier source is transmitted in Menelaus' Spherics itself, as 
we possess it in the medieval Latin and Hebrew versions based on the 9th-century 

41 See the quoted passage corresponding to note 1 above. 
42 According to Theon, 'a pragmateia of chords is proved by Hipparchus in 12 books, and 

also by Menelaus in 6' (Commentary on Ptolemy's Book 1, ad 1, 10, ed. Rome, ii. 451). In his 
note Rome argues that Theon does not here intend to transmit the exact title of these works, 
but only a general reference to their subject matter. For a compilation of testimonia to Menelaus' 
work, see Bj6rnbo, op. cit., pp. 4-10. 



Arabic translation.43 For a scholium to Book 3, prop. 15 makes the following assertion 

(I here follow the Latin text, noting as pertinent the discrepancies from the Hebrew):44 

et iam declaratur ex eo quod diximus in figuris 
primis tractatus tertii libri Theodosii in speris 
per modum alium. Ipse enim declarauit ibi, 
quod proportio arcus GH ad arcum DE est 
minor proportione diametri spere ad diamet- 
rum circuli qui contingit circulum BA supra 
punctum A. Et hec est res, qua usus est 
Apollonius in libro qui dicitur liber aggrega- 
tiuus; et nos iam usi sumus hoc hic et 
indiguimus necessitate maioris iuuamenti. Et 
cum nos ostendimus illud in eo quod erit post 
cum demonstratione communi, sciemus ex eo, 
quamobrem est proportio GH ad ED maior et 
quamobrem est minor. 

this is already proved from that which we have 
said in the first figures45 of the third book of 
Theodosius on spheres in a different manner. 
For he himself has there proved that the 
proportion of arc GH to arc DE is less than the 
proportion of the diameter of the sphere to 
the diameter of the circle which touches circle 
BA over the point A. And this is the thing 
which Apollonius has used in the book which 
is called the 'collective book' [liber 
aggregatiuus],46 and we have already used this 
here,47 and we have stood in need of it by 
necessity of greater benefit;48 and when we 
prove it in that which will come after, with a 
common49 demonstration, we will know from 
it why GH to ED is greater and why it is less. 

The scholiast thus cites an Apollonian work, the Collective Treatise (or perhaps, On 
the General Principles), as the source of results related to those here cited from 
Menelaus and Theodosius. Bj6rnbo has suggested identifying this work as Apollonius' 
General Treatise (katholou pragmateia) mentioned by Marinus, a 5th-century com- 
mentator on Euclid's Data.50 The view faces a major difficulty in that the various 
materials one associates with this lost Apollonian work have nothing to do with these 
results from the Spherics.51 It is possible, I think, that the scholiast has somehow 

43 On the medieval versions of the Spherics, see Bj6rnbo, op. cit., pp. 10-16. 
44 See, e.g. Paris MS BN 9335, f. 53v. I here follow the text given by M. Krause in his edition 

of the Arabic translation of Menelaus by Abf Nasr Mansfir, Die Sphirik von Menelaos (Berlin, 
1936), 239n.; cf. also Bj6rnbo, op. cit., pp. 116-17. Krause cites the analogous passage from the 
Hebrew (op. cit., p. 106). Note that in speaking of it as a 'scholium' I wish only to indicate that 
it is not the type of text usually found in the body of ancient mathematical treatises. Nevertheless, 
one need not exclude the possibility that Menelaus himself inserted remarks like this in his 
Spherics. As Bjornbo observes (op. cit., p. 1 17n.), even if the passage is by a later Greek or Arabic 
scholar, it would surely be founded on 'authentic reports'. 

45 Hebrew: 'in the first figure of the figures'. Both versions are difficult, however, since it is 
the eleventh theorem of Book 3 which they ought to mean. A confusion of this kind is not likely 
in rendering the Arabic, but is easily understood in the light of the expected Greek base: 'in 
the eleventh' would be written ev TrCo ta , so that by missing an iota this would be read as ev 
T(rn a', that is, ev Trc 7rpTr, 'in the first'. This would indicate that the passage was indeed 
held within the Greek recension of the Spherics used by the Arabic translator. 

46 Hebrew:' the universal (kolel) book'. Krause cites an alternative rendering from the Arabic 
of al-Harawi: 'his book on the universal (kulliya) production (sindaa)' (op. cit., p. 107), which 
reads well as a literal rendering for katholoupragmateia (ibid., p. 239n.). In Halley's Latin edition, 
based primarily on the Hebrew, the phrase becomes liber de principiis universalibus (cf. Bjornbo, 
op. cit., p. 117n.). 

47 Hebrew: 'and already he uses this there'. A confusion between first- and third-person forms 
is quite common in Arabic-based translations. 

48 Hebrew: 'and a necessity great of benefit makes it necessary'. 
49 Hebrew: 'universal (k6ol)'; cf. note 46. Presumably, the reference is to a formal geometric 

demonstration. 
50 Bj6rnbo, op. cit., p. 117n. Cf. Krause, op. cit., p. 239n. 
51 The standard view on this lost work derives from Tannery and Heiberg; cf. T. L. Heath, 

A History of Greek Mathematics (1921), ii. 192-3; and J. L. Heiberg, Apollonii Opera (1893), ii. 
133-7. Marinus cites this work for its definition of the term 'given' (sc. as 'ordered'); but he 
also cites the Neuses for the same definition. Thus, although Heiberg seeks to assign other 
fragments of a general nature (e.g., items taken from Proclus' commentary on Euclid's Book 1) 
to the lost Pragmateia, that need not be the case. For our information on the Neuses makes its 

380 WILBUR KNORR 



confused Apollonius' work with another by Hipparchus, one with a similar title, but 
treating of the measurement of arcs of great circles on spheres.52 As far as chronology 
is concerned, however, the difference is small; in either case, one has witness to a 

2nd-century B.C. treatise, written either early in the century (if by Apollonius) or 
toward its middle (if by Hipparchus), and serving as source for trigonometrical efforts 
by Menelaus and Ptolemy. 

It is not entirely clear what result the scholiast intends to assign to this earlier work. 
On one reading, it is Theodosius' theorem on the inequality between the ratios of arcs 
and diameters.53 But the last cited line speaks of the result in a different manner, as 
if a double inequality was intended. The word 'why' (quamobrem) seems to be a 
confusion, for an alternative version of the passage from the revision of Menelaus' 
Spherics by the Arabic editor al-Harawi ends thus: 

and what will be proved after this is very beneficial in what Theodosius [!] uses, and it is that 
the ratio of GH to DE is greater than a certain ratio, but less than a certain (other) ratio.54 

The naming of Theodosius, rather than Apollonius, doubtless follows from an attempt 
at correction by al-Harawi, for other Arabic versions here cite Apollonius, as do the 
Hebrew and Latin.55 But al-Harawi must be correct in rendering as 'than a certain 
ratio' what the others render as 'why'. The comparatives 'greater' and 'lesser' require 
such a phrase; if the original translation had rendered by an elliptical expression like 
mimmd ('than what' or 'than something'), it might easily have been construed as 'for 
what reason' by the subsequent Latin and Hebrew translators. Reading thus with 
al-Harawi, we may discern a reference to two results, that the ratio of arcs is less than 
one ratio, namely, that of the diameters in Theodosius' theorem, and greater than 
another. Although no inequality such as the latter appears in the Spherics either of 
Menelaus or of Theodosius, we may readily suppose the ratio intended is that of the 
corresponding chords. Indeed, precisely this is asserted in the next remark :56 

Al-Harawi has said that the ratio of GH to DE is known, and Theodosius has proved only 
that the ratio is less, but what Menelaus has proved in [or: with regard to] the chords of the 
doubles57 is that the ratio of the whole58 arcs is greater than the ratio of their chords. 

The comment appears to assign to Menelaus a result on chords complementary to 
that given by Theodosius; where the latter had assumed our tangent lemma to this 
end (thus occasioning scholium E), the former would similarly require our chord 

strictly technical nature quite clear (cf. the discussion of Pappus' account in Heath, ibid., pp. 
189-92). 

52 In the course of one series of data on simultaneous settings, Hipparchus remarks, 'for each 
of the things said is proved geometrically (dia t6n grammon) in the general (katholou) treatises 
(pragmateiais) compiled by us about these matters' (In Arati et Eudoxi Phaenomena, ed. 
C. Manitius, 1894, p. 150; cf. Bj6rnbo, op. cit., p. 69n. and Heath, op. cit., p. 258). This reference 
to a combined numerical and geometric study of the problems associated with spherical 
astronomy invites comparison with Theon's reference to the treatise on chords (see note 42). In 
neither passage does it seem that pragmateia is used as the title, although the manner of the 
reference lends itself to being construed in that way. An ambiguity of this sort might have affected 
the reference to Apollonius' work in the passage from Menelaus. 

53 This is the view of Bj6rnbo, op. cit., pp. 116-17; cf. also Heath, op. cit., pp. 252-3. 
54 The Arabic text is given by Krause, op. cit., p. 107. 
55 Krause cites the alternative Arabic recension, ibid., p. 107n. 
56 This part of the text is not cited by Krause; I have translated from the manuscript, MS 

Leiden Or. 399, 2, f. 105r. 
57 Arabic: idraf. Menelaus, like Ptolemy after him, adopted the expression 'chord of the 

double arc' for what one now signifies as 'double of the sine'; cf. Bj6rnbo, op. cit., p. 89n. 
58 Arabic: sahi.ha. Presumably, the term is included here as a reminder that Menelaus' 

inequality for the chords relates to the doubles of the arcs GH, DE in Theodosius' result. 
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lemma. Now, Menelaus does not establish either result in the Spherics. Instead, he 
replaces Theodosius' inequality in 3.11 by a proportionality of the corresponding 
chords, so that with the assistance of a table of chords one could actually compute 
the values of arcs for which Theodosius' result merely established bounds.59 Thus, the 
inequalities here attributed to Menelaus must derive from another work, and it seems 
possible to construe al-Harawi's difficult phrase 'in the chords of the doubles' as 
relating to Menelaus' writing On Chords, where we would expect to find treatments 
of our tangent lemma and its analogue for chords. 

It thus appears that Ptolemy and the Theodosius scholiast could model their 
versions of G and [E'], respectively, on treatments of both lemmas given in Menelaus' 
On Chords, or, alternatively, on their treatments in works on the measurement of arcs 
by Hipparchus or Apollonius. As we have seen, both lemmas are familiar among 
geometers throughout the century before Apollonius, and one may accept that the 
general form given their expression by Archimedes in the Sand-Reckoner (as quoted 
at the beginning of this paper) transmits the form adopted in the older technical 
literature. While the extant texts do not provide direct indication of the text of the 
proof there followed, one might hope to detect certain aspects of it through comparison 
of the principal variants A and E/G/J. For, after allowing for those features of either 
which answer to the requirements of its particular context, we may suppose that any 
aspect of the proof in one version which is less well understood as an improvement 
upon the manner followed in the other can be viewed as a hold-over from the primary 
source. For instance, version A introduces the operations of 'alternation' and 
'composition' (steps c and d in Table I) in tandem, whereas E, G and J defer the latter 
until the end of the proof. Euclid's manner here can be appreciated as an editorial 
improvement on the sequence followed in E/G/J, whereas there would appear to be 
no intrinsic advantage to separating these steps in the manner of E/G/J if the primary 
version had already coupled them, as A does. On the other hand, E/G/J seem more 
direct in their juxtaposition of the triangle-line and sector-arc proportionalities (steps 
e and f), so that A here seems to transmit the older sequence. It is notable that all 
versions agree in basing the inequalities on comparisons of the areas of sectors and 
triangles, rather than on comparisons of the corresponding arcs and lines, and so fail 
to exploit the potential afforded by Archimedes' findings on curvilinear arcs. This must 
again indicate the persistence of the formulation adopted in the oldest source. 

The original context for the lemmas was, doubtless, in association with studies in 
spherics and astronomy, such as we encounter with Aristarchus, Archimedes and 
Theodosius. Among the scholia to Theodosius' Spherics, another besides E appears 
to have such an origin: it establishes a lemma assumed in 3.9, that one can introduce 
a magnitude less than the larger of two given magnitudes, but greater than the second 
and commensurable with a third.60 This same lemma is assumed in proofs by 
Archimedes and Pappus.61 In the latter instance, Pappus demonstrates the propor- 

59 For a synopsis of these theorems, see Heath, op. cit., pp. 250-1, 272-3. In Theodosius' 
theorem the ratio of two arcs marked off along intersecting great circles is found to be less than 
the ratio of the diameters of corresponding parallel circles; in Menelaus' theorem the ratio of 
the sines of these arcs is found to equal the ratio of the product of these same diameters to the 
product of two others. Further, Menelaus' diagram is more general, including Theodosius' as a 
special case. The arcs along one of the great circles can represent the segments of the zodiacal 
signs in the ecliptic, while the arcs along the other represent the corresponding segments along 
the equator; the latter are proportional to the rising times of the associated oblique arcs. 

60 For text, see Theodosius, ed. Heiberg, pp. 193-4. 
61 Archimedes, Plane Equilibria, 1.7. Pappus, Collection 5, prop. 12, ed. Hultsch, i. 336-40; 

and Commentary on Ptolemy 6.7, ed. Rome, pp. 254-8. 



tionality of sectors and arcs, a result assumed in Euclid's version A (step f in A: 13) 
and cited explicitly by Theon in H: 16a. Pappus employs for this proof a technique 
of proportions different from that in Euclid's Elements, Book 5, but, as I have argued 
elsewhere, this technique is associable with the geometric researches by Eudoxus and 
his disciples in the 4th century B.C.62 The prominence of studies in mathematical 
astronomy within this same group makes plausible the view that they should also have 
been responsible for the original versions of the lemmas on tangents and chords. 

I think one can plausibly infer from the textual evidence surveyed here that our two 
lemmas owed their origin to research in the middle or latter part of the 4th century 
B.C., presumably within the context of a compendium on spherical geometry directed 
toward the interests of astronomical measurements. There survives from this period 
an interesting example of the type of practical problem which called for our lemmas. 
In the Aristotelian Problems 15.5 it is asked: 

why, although the sun moves uniformly, the increase and decrease of the shadows are not the 
same in the equal time. (911a14-15)63 

The writer correctly perceives that the cause follows from the inequality of the base 
lines corresponding to equal angles. He represents the sun's apparent path as a circle 
centred on D and divides the arc into equal parts AB, BG (Fig. 6). The shadow of 
the vertical object 0 will lie in the region LO, where AD is continued to L, BD to 
E and GD to Z. 

Since now (arc) AB is equal to BG, the angles under them at D shall be equal; for they are at 
the center. But if (that is true) on one side of D, (it shall be so) also in the triangle [sc. OL]; 
for they are vertical (angles). Thus, since the angle is divided into equal parts, LE shall be greater 
than EZ in the (space) L9. (911a27-31) 

The writer assumes the claim in the last step as already known: 

since the angles are equal, it is necessary that the line further from the object seen be greater 
than that nearer; for this we know. (91 la19-21) 

This result is the converse of Euclid's Optics, prop. 4. We could thus frame an indirect 
proof depending on Euclid's, or produce an alternative direct proof.64 In either event, 
the result is short of covering the general case of our tangent lemma, since the writer 
has assumed equal angles.65 If it does not foreshadow the proof technique of our 

62 'Archimedes and the Pre-Euclidean Proportion Theory', Archives internationales d'histoire 
des sciences 28 (1978), 183-244. 

63 My translation from the text of W. S. Hett, Aristotle. Problems (LCL, Cambridge, 
Mass./London, 1970), i. 330-2. Related problems on varying length of shadows arise in 15.9 
and 10. 

64 Optics, prop. 4: 'of equal distances along the same straight line, those at greater distance 
appear smaller'; that is, with reference to Fig. 6, if LE, EZ were equal, then arc AB would be 
less than arc BG. A slightly different configuration is given in prop. 7, and an indirect proof 
based on either could establish the lemma of the Problems. An alternative direct proof could 
take this form: DZ < DE since DE is opposite the greater angle (the obtuse angle DZE) in 
triangle DEZ; similarly, DE < DL (cf. Euclid, Elements 1.19). Since DE is bisector of angle LDZ, 
LE:EZ = LD:DZ (6.3). Since LD > DZ, it follows that LE > EZ (5.14), as claimed. For a 
somewhat different form of the proof, see T. L. Heath, Mathematics in Aristotle (Oxford, 1949), 
260-1. 

65 To prove the general case for commensurable arcs AB, BG, one can introduce their common 
measure and show through finite repetition of the equal case that LE:EZ > arc AB:arc BG. 
The incommensurable case can be obtained by an indirect proof based on this result. This manner 
of dealing with proportions appears in a few theorems of Archimedes and Theodosius; I propose 
its pre-Euclidean origin and give a detailed account of the technique in the paper cited in 
note 62. If any such method was tried for the lemma, our sources do not attest it. A simpler 
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general lemma, it nevertheless remains of interest to us for suggesting how practical 
contexts, like time measurement by sundials, could foster the lemma's early 
introduction.66 

While we may accept that the 4th-century field of spherics gave rise to the earliest 
statement and proof of our lemmas, it is clear that their extant texts have reached 
us only after a long editorial process. The scholia to the Spherics, for instance, are 
hardly direct transcripts from pre-Euclidean documents, but rather borrowings from 
intermediate sources, like commentaries on the minor astronomical corpus, or the 
trigonometrical works of Menelaus, Hipparchus or Apollonius. Similarly, the chord 
lemma in Ptolemy is taken from an earlier treatment, and even Euclid appears to have 
adapted a prior version of the tangent lemma for inclusion in his Optics. Although 
our documentation of the lemmas is far from complete, it is ample and it suffices for 
supporting several conclusions: that the method of their proof has remained fixed at 
least from the time of Euclid, and doubtless from the time of the earliest versions 
a few decades before him; that the texts of the lemmas have remained stable from the 
time of Menelaus and Ptolemy, doubtless transmitting a version dating back to the 
2nd century B.C. As a case study of the editorial techniques of mathematical writers 
in later antiquity, such as Ptolemy, Theon and the anonymous scholiasts, the lemmas 
reveal the phenomenal stability of this ancient textual tradition. 

In discerning a pre-Euclidean origin for the tradition of these lemmas, we have come 
to corroborate, at least in part, the proposal made by Hultsch.67 What remains 
uncertain, however, is the nature of the context within which these results first 
appeared. Among the answers which could be proposed, I wish to give brief 
consideration to the following three: 

(1) Hultsch maintained that the lemmas were collected as an independent work, 

alternative is possible merely by introducing the arc, centred on D with radius DE, between 
the lines LD, DZ. By considering the triangles and sectors formed, as one does in the proofs 
of the tangent lemma, one obtains the desired inequality. Note that the angle at Z need not be 
right, as one assumes in the tangent lemma. 

66 Similar metrical interests underlie the uses of the bisector theorem (6.3) by Archimedes (Dim. 
Circ., prop. 3) and Aristarchus (Sizes and Dist., prop. 7). Problems 15.7 helps motivate another 
proposition of the Optics. It asks why the division between light and dark of the moon at its 
half phases appears straight, when it is in fact a great circle. In Optics, prop. 22, Euclid proves 
that the appearance of a circle, when viewed along the line of its plane, is as a straight line. 
Examples like these from the Problems thus suggest the scientific contexts for the Euclidean 
theorems. 67 See note 23. 
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ancillary to the study of spherics. This view seems unconvincing, however, for the 
expected place for such lemmas would be within the texts or in the margins of the 
works to which they relate, not in separate treatises. Admittedly, compendia of this 
sort are not unknown, Books 6 and 7 of Pappus' Collection offering a prime specimen. 
But this genre seems better adapted to the objectives of the later mathematical 
commentators than to the research activities of the geometers in the 4th and 3rd 
centuries B.C. 

(2) Bj6rnbo's alternative conjecture thus seems more probable: that the practical 
tasks underlying early Greek astronomy encouraged the development of an affiliated 
geometric theory;68 Theodosius' inequality on the arcs cut off intersecting great circles 
(3.11), for instance, provides a start toward the evaluation of the rising times of the 
zodiacal signs. In this view, the work in spherics among Eudoxus' disciples in 
the generation before Euclid set down a nucleus of geometric results from which the 
treatises of Autolycus, Euclid and Theodosius might develop. The aim here, presu- 
mably, would be to produce a geometric theory which might describe and explain the 
principal astronomical phenomena, much as Euclid's Optics did for the study of optical 
phenomena, without providing explicit numerical measures. In effect, this would make 
the pre-Euclidean spherics a prototype of the Spherics of Theodosius. 

(3) But a difficulty with this view arises in that the absence of the tangent lemma 
from Theodosius would indicate that those parts of the older tradition of spherics 
which contained this and related results were not considered to be superseded by his 
treatise. Although Bjornbo resists assigning the development of plane-trigonometrical 
methods to any time before Hipparchus, I think a context of this sort is the most likely 
one for the first introduction of our lemmas.69 To be sure, trigonometrical efforts 
like those consolidated by Ptolemy, Menelaus and Hipparchus were still in their 
infancy in the 3rd century B.C. But already within their efforts to estimate the lengths 
of tangents and chords, Aristarchus and Archimedes could assume these two 
lemmas. I thus propose, as a view more probable than those of Hultsch and Bj6rnbo, 
that the pre-Euclidean use of the lemmas paralleled the trigonometrical efforts of the 
3rd-century writers and so foreshadowed the systematic development of trigonometry 
by Hipparchus and others in the 2nd century. 

Stanford University WILBUR KNORR 

APPENDIX 1. TWO REPRESENTATIVE VERSIONS 

I present here the Greek texts of versions E and G, arranged as in the translations 
which appear in Section I. For the full source references, see App. 4. 

E: Scholium to Spherics 3.11 G: Ptolemy, Syntaxis 1.10 

1 (7rcos anrt 8ESELtyljVov Or7L OP 7rpos rTr 1 Eav ev KVKAX 8&aXOa)(Tv avcLaoL 8vo 
PT pLdt,ova Aoyov iXEL OyfTep 7 Trro PTH evOEial, 77 iuLEtWv 7TTrp rTv Edaaova ciAa- 
ywvia Irpos rTrv rTO POH ywvlav.) aova A6yov EXeL 77rep /7 sTo rT7s /IESLOVOS 

evOlasr 7TrEptp(EpEa 7rpos 7r1V ElT T7rs 

Ehdaacovos. 

68 Bj6rnbo, op. cit., pp. 128-33. 
69 G. J. Toomer proposes a view along these lines, with a promised later elaboration, in his 

Diodes. On Burning Mirrors (1976), 162. 
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2 EaTo Tplywvov OpOoywcvtov rT ABr, Kat 

L77XOw TLS 77 AA. 

3 6dE^aL, On 7 BrF 7pos TrVE BJA iLEtova 

Aoyov EiXEL t/rep 7 VTrTO AAB ywvla 7Trpos TrV 

VrTO ArB. 

4 rxOw yap ola TOV A T7 AF rrapdrAArAos 1 
AE. 

5 Kat EiTEl /LElutV EaTlYV 7 AE Trs BA &la TO 

LEle[ova VrrorITEIVELV ywvav' OpOI yap, o6ela 
6E r7 a- a/xiAeLa apa r17 VTro AAF, EL(AwV a' pa 
A1 AA T77 EA, 
6 6 apa KEVTpp TL) A, LaaTarCLTaTt 68 T(O AE 

KVKAoS ypao6FL?evos TEFLEl tLEV TrV AA, 

V7TEp7TEaEirTalt 6 TrV BA. 

7 7'KETTW , 6 EOZ. 

[A:6 Er7Tl OV TO EZF TpLryVOV TOO EZH 

TOlEWS tLEiEOV E(TLV, TO 6E EZA Trpyuvov 
TOV EZ9 TOfJLEOWS EAaTTOV EaTLV,] 

8 rT AEA apa Tplywvov Trpos TOV EAZ 

TOtLLa pLELtova Aoyov EXXEL r77TE TO EBA 

TpiywVOV rTpOs TOV EHA TO/LEa. 

9 Kal evaAAa6 
10 TO AEA Tptyovov rrpos TO EBA TplyWVOV 

iLE,Lova Aoyov XE r7Trep 6 EAZ TO/leVS Trpos 
TOV EHA TO/LEa. 

11 s oS6 TO AEA Tplycvov rrpOs TO EBA 

TpLywvVO, orOVTOS 7 AE ITpOs Ti7 V BE, 

12 )s 06 6 EAZ TOlEV' rTrpOs TOV EHA 

TOt/Ea, OVTo9S 7 VTTO ZAE ywVta Trpos Tr/V VtTO 

EAB. 
[F:8 Ka; r6 AM apa evOela (rTpos T'V MK 

LtEl,ova Aoyov EXEt rTrep) -7 VrTO PHM ywvia 

TrpOs Tr/V VTTO MHK yovlav'] 
13 Kal avvOevTL 7i AB Trpos Ti/v BE ELEtova 

Aoyov EXEt r7TE?p r7 VTrr ZAH ywvla Irpos Ti'V 

VTO EA B. 

14 L;r/ 68E 17 VTO EAB T7r VrTO ArB LCL TO TOV 

ABF TpLtyvov Irapa /lLav TOV 7TAEvpO)V T/V 

Ar lF T EAlVL T/v E pa AB Trpos TIrv BE 

tiLEL?ova Aoyov EXEL r7TEp i7 VrTO ZAB yuvia 

7rpOS Tr/V VTTO AFB ywvlav. 7 rB apa Irp's 

Ti/V BRA iE?L'ova Aoyov EXEL rITEp 77 VITO ZA B 

ywvla rrp6s T'IV VITO EAB' avdAoyov yap 

TE/LveL ras IEVprvpas 7 EA, Kal ylveTra, so 77 
AB 7rpos BE, OVTir)S 7 rB Trpos BA. 

2 EcTOw yap KvKAoS 6 ABFA, Kal 6L7rxOcoav 
ev avTWr 6vo evOeiaL avtaoL EACaawUv ILEV 7 

AB, EiLvo V 6' 7 BF. 
3 AMyw, 6rOt rB evOEia rrpos Tr'v BA 

ev0elav 'Adaaova Aoyov EXEL r7rrep 7 Br 

7TEptLcEpELa 7rpTTS 'TV BA 7TrpL(EppeLav. 
4 Tert7iaO0t yap 7 vro6 ABF ycova LXa v'rrT 
Tr7s BA, Kal E'rrEEvXOtoauav rTE AEr Kalt 

AA Kal 7 Fr. Kal ErTEl 7' V ABF ywvla 
glXa TETp7rTaL V7TO T7r BEi EVeElas, LarI /LEv 

earTv 77 rA evOela rT AD, fEtWcoV ; 7 rE 

TrS EA. 'XOw 317 aroT TOo A KadOEros Er7 Tr/V 

AEr F AZ. 
5 Er7Tr TOLVVV /.EI`wV EarTV 17 tLAVv AA Trs EA, 
7 S'^ EA 77S A Z, 

6 6 a.pa KEVTpq) ELiV TO) A, 8LaaT77r'LaTL 8 r) 

JE ypa0q%6eLVOs KVKAO T7rv tEv AA TIELt, 

VTrep7TEa(ETaL 8E rTlV AZ. 

7 yEypaq0co $7 6 HEO, KaL; EKflfEiA70t 70 
i ZO. . 

8 KaL E7TrE 6 IEv AEO rTOLE?VS LELSJWV arUTV TOV 

AEZ rpLyuvov, TO 8E AEA TrpyuOvov /LEiOV 

TOoV EH roLES'Co, 
9 (TO AEZ apa Tplywvov 7Tpos TOv AEEO 

rofLea EhaTTOva Aoyov EXEl rTEp TO AEA 

Tplywvov ITpOS TOV A EH TO/LEa 

10 evaAA'a) 
11 TO apa AEZ rTplycvov ITpos TO AEA 

Tpiycvov ehAaaova Aoyov EXEL r7Tep o AEO 

TOtlEVS 7TpOS TOV AEH. 
12 aAA' bs P'Ev TO AEZ TplyWovov 7TrpO TO 

AEA Tplywvov, OVTo)S 77 EZ evOela 7rpos TirV 

EA, 
13 s $E 6 o AE TO,LEVS 7TrrpO TOv AEH 

TOiEa, OVTWS 7 VITO ZAE ywvla 7TpOs Triv VrTO 

EAA 

14 7 a&pa ZE evOela rTpOs Ti/V EA Ehoaaova 

Aoyov EXEL 7r7Tep 7r VrTO ZAE ywvca Trpos Trev 

VrTO EAA. 

15 KaO avvOevTL adpa ] ZA evOela rrpos T77V 

EA EhAaaova Aoyov EXeL 77rrp 77 vTro ZAA 

ywvia 7Trpo T/V V7TO AAE' 

16 KaL TrAv 'yovUEVtOV Ta 8t7TAaULa, ,7 rA 
EVbOEa TrpOS T7V AE EAdaaova Aoyov EXEL 

r7TEp 77 VTTO FAA yovia rrpOs TVrj VTOr EAA 

Katl lEAOVTL rFE EVOela rTpOS T'rv EA 

eAaaaova Aoyov iXeL ?7Trep 17 VrTO FAE ywvla 
Trpos TnrV V7TO EAA. aAA' cs pev *7 rE evOEia 

rrpoS TrV EA, OVTuiS rB EV0ELa TpOs Tr/V 

BA, s oe 1 VTrr FAB yowva 7rpos TrvV V7TO 

BAA, OVTcoS r rB 7TEpL!EpELa Trpos Trev BA' 

7 rB apa Ev0OEa TTpos Tr/V BA EAdaaova 

A6yov EXEL r7TTp 7 rB 7TEptL(EpELa 7TpOS T7)v 

BA TreplqE?peLav. 
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From the critical apparatus of Heiberg (for E), Hultsch (for F), and Heiberg (for G) 
the following may be noted: 

E: 1) M only, citing from Spherics 3.11 
5 'E ' A) apa Earlv 77 Vrro BEd: M; 8 r nrpos rT B E: B 

AAI) AEJ: M 
apa - last) Tannery changes to 8e 

7 cs) Kal ( arw: M E6@Z) B; EHZ: P; EZH: M 
14 yuviav) aAA' cgs ? AB 7rpos Tr7v EB, oio'wg rB TrpOS rTv AB. Kal: M 

F:8 Trpos Tr)v MK... 7prep) Hultsch adds 
G: 9-10 Written as a scholium in the margins of Heiberg's MSS B and C; but comparison with 

H indicates placement within the text in the older tradition of the Syntaxis. 

APPENDIX 2: A SELECTION OF PASSAGES 

To provide a representative cross-section of the nine versions, I will present here 
correlated passages from each relating to the 'construction' section of the lemmas. 
These selections are grouped in pairs and numbered in accordance with the scheme 
in Table I (for source references, see Section II or App. 4). 
A: Euclid, Optics, prop. 8 

5 Kal KEVTpO) C Lt V Tr E E StalCT7q/aLt 8e Tr EZ 
KVKAOV yEypdCfOow 7repIuE'pela 7 HZ(9. 

C: Theon, Comm. on Ptol. 1.3 

4 Kal cKEVTpw rT@ O9 SLaarlJaTL 8e rc OM 
KVKAOU 7TrepLOEpELa yeypa8c r17 NME, Kcal 
&l rXO)W 9A irl Tr6 . 

E: Lemma to Spher. 3.11 

5 Ka,l 7rEli LelWwv Eorlv 77 JE TrSg BAJ 86 TO 

LEt[4Ova V7OTELVELV yOwvlav' opo0 yap, o 'eia 
6 - 

A7 d a,fAela pap 7,7 6rTO AAF, /eLELwv apa 
7 A rT7s EA, 
6 6 apa KcevTrp T() a, tLaarT'LarTt 6C T OJE 

KVKAOS ypa)foCL?vos r -eULEi JLEV T77V Ad, 
uV7TrepTreaCErat T77v BA. 
7 'KETCW US 6 E@Z. 

G: Ptolemy, Syntaxis 1.10 

5 E7rEL TOlvVV 1iELwoV EUTrlV V 7E Ad T7rs EA, 

7 Se EA rT77S Z, 

6 6 apa KEvrpVTpp !LEy T( a, 8IacTr'7IaTL 86e TO) 

AE ypaI6f)oLevos KVKAOS T7r7V IL/V AA TELEL, 

V7Trp7TrrEcaELt 86 T7rV aZ. 
7 yeypad06W 841 6 HEE, Kal EKe38A'7ra0)w 
AZO. 

B: Theon, rec. of Opt., prop. 8 

4 rITE? yap op0r cEartv 7 vrTO AZK, o6eLa apa 
EUTtV t1 )O7 Z9@K care Kat (99 K rgs KZ 
E(aTt i.EdIWV. 

5 O apa KEVTrpp Tr K, &,aagT7r7LaTL E T$r OK 
KKcAoS ypaC/6I1evoS V'7Tep7TrUELTrc Tvr KZ. 
6 yEypatf0ow Kal ETcro 6 E@9H. 

D: Anon., On Isoper. Figures 

3 KE,vTpu yap Tr) Z 8taarT77LaTt Se Tu ZK 
KVKcAov rTEptL(EpEa yEypadOW 71 MKN, KaI 

KfeBAX7aU'0W 7' Z(O E7t TO N. 

F: Schol. to Pappus, Coll. 5.1 

4 rretr yap allAELad artv ywvia q vir6T AMH, 
tle'wv ErTLV i1 fpv AH EvOela riTs HM, 7 S6 
HM Trsg HK 

5 o apa KEVTrpp t1EV T' H SaLaT7/'xartT 8E Tr 

HM KvKchAoS ypaqo6tLEvos TEIEfE tLEV TV AH, 
vrprE7TErE(7ratL E T7S HK. 
6 earco o PM?' 

H: Theon, Comm. on Ptol. 1.10 

5 Kal E7TrEL jEIwV 7 Aa rT7s AE, T77V yap 
/PLEtova ywv[av v7TOTrEVEL, Stda Ta avTa 867 Kai 

7 JE J7TS dZ' 
6 6 apa KETvrp TO) A 8LtacrT7larTL 8 Tr) AE 

KVKAOg ypaQ6pcEvoY T'7V J?Ev AA TErtei, 

VTrepTracreTait Tr7V dZ. 
7 yEypaq0ows g 6 HEO, Kal E,KJiesAXraO }7 

JZ &71 TO 9. 
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J: Schol. to Aristarchus, prop. 5 

5 KaL Er7Tl tLeicWV 7 Ar rTS AB, (roTvrTEac TO r 7 or AF TroiV ar AB, TOVTEaTLV Ta a7rT AA, 

dr TC)V a&ro TnOv AD, DB' KOLVOV apa aCatpeCOevTos TOV arro AA) /?LEIWYv ETLov 77 F r T7 

BA. KelaOU Tj1 BA lan 7 zAE, Kal evrEEUx0W oVv 7 AE. tanr apa , AE Tj AB. 
6 Ka KEaT rp Toj A oLaarUT'JaTt 8e TCj AE KvKAOS yEypadOW o EZH. 
7 Kal rTE?eV6XOw) 7 EZ, Kal EKgehA77aO6W. (avC7reaETraL yap Td' AO, E7rt KaL rT 7TapaAArA) 
avTrfs Tr Br. 

K: Theodosius, Spher., 3.15 in the Hebrew recension 

(Bodl. ms. heb. d. 4, fol. 60r) 
Then line DE is greater than DA, and DB is greater than ED. 
Then when we make a circle over the centre D and with the distance E<D), it will go beyond 

point A and will cut DB at Z. 
And we extend DA until it meet the circle at H. 

The selections reveal two basic patterns for describing this step of the construction: 
(1) 'the drawn circle shall fall beyond...' - this diction appears in E and G and the 
respective associated versions F and H, and also in B; (2) 'let the arc of a circle be 
drawn...' - this is the phrasing in A, C and D. B, G and H attach 'let it be drawn', 
reminiscent of (2). Since B is a recension of A, this addition is expected, but its parallel 
with G/H is surprising. 

One encounters dictions like that in (1) elsewhere in the ancient mathematical 
literature. Euclid's propositions in Elements 4.4, 5, 8, 9, 13 and 14 all include 
comparable expressions; for instance, 

therefore the circle drawn with centre D and distance one of the (lines) E, Z, H shall also pass 
(hexei) through the remaining points (4.4; ed. Heiberg, i. 280, lin. 1-3). 

Similar expressions relating to semicircles appear in 13.13-16. We encounter much 
the same in Theodosius' Spherics, for instance: 

for with pole E and distance EA the circle drawn will pass (hexei) through the (point) B, but 
with fall beyond (hyperpeseitai) the points G, D because each of the (equal arcs) AE, EB is greater 
than each of the (arcs) GE, ED (3.4; ed. Heiberg, 126, lin. 4-6). 

Related expressions are found with hexei only, as in 2.15 and 3.3 (cf. 2.4, 5). 
The alternative expression, with the imperative gegraphtho, is also found in the 

Elements, as in 1.1, 2, 12, 22; 2.14; 4.1, 10, 15; for instance, 

and next with centre B and distance BA let the circle AGE be drawn (I. 1; ed. Heiberg, i. 12, 
lin. 1-2). 

The analogue is found in Theodosius, as in Spherics, 2.5, 8, 14, 15. 
As expected, similar terms appear in the commentators on Theodosius; for instance, 

Pappus, Coll. (6), ed. Hultsch, ii. 502, lin. 7-12: 

with pole D and distance one of the (lines) DE, DM, the circle drawn will also pass (hexei) 
through the remaining point; let it be drawn and let it be the (circle) ETM. 

This appears among the preliminaries to Pappus' examination of difficulties in 
Spherics 3.6; comparable passages appear in the scholia to the Collection (e.g. ibid., 
iii. 1177.7-8). One may compare also certain passages in the scholia to Theon's 
recension of the Optics, e.g., no. 58: 'with centre K and distance KD, the circle drawn 
will pass through the (points) B, Z' (ed. Heiberg, vii. 272.13-14; cf. no. 86, 282.12-14). 
Although these scholia might be affected by terminology in Theon's commentaries, 
Pappus and the related scholia derive their expressions from the Spherics. That E and 
G subscribe to the same idiom thus appears to reflect their situation within the 
tradition of spherics. 
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The alternative wording in J, 'let the circle be drawn' (kyklos gegraphth6), may 
suggest an abridgement from a wording as in A (kyklou gegraphth6 periphereia). Since 
A and J treat of different lemmas, however, a direct link is not likely. Since, further, 
J's wording here has firm precedents in the elementary literature, we cannot infer any 
special link between the traditions represented by A and J. 

The selections from the lemmas divide similarly with respect to their manner of 
supporting the possibility of the construction. The paradigm is G: the relative lengths 
of AD, DE and DZ are stated, so that one is assured that the arc of radius DE will 
fall beyond DZ; thus, the arc HEO can be drawn and the line DZ be extended to meet 
it. H follows this pattern, adding a brief explanation for the opening statement (sc. 
that AD subtends a greater angle). E echoes G, but amplifies considerably H's 
comment on the angles subtended; E reads 'let it pass as...' (or 'let it pass and let 
it be...') where G/H have 'let there be drawn...and let there be extended...'). In 
both respects, F accords with E. By contrast, A introduces the arc without any such 
preliminary. C and D follow A, save that they add a remark on extending the radius: 
'let there be drawn' (C), 'let there be extended' (D). That the term ekbeblesth6 at D: 3 
agrees with G/H: 7 in discrepancy from the term diechtho at C: 4 would indicate that 
D here gives better witness than C of their shared source [C']. B justifies the 
construction by asserting the relative sizes of the lines and the angles, as in E, although 
it omits H's term 'subtending'; like A, B is tacit on the extension of line KZ. Since 
the term 'subtending' is standard Euclidean terminology for speaking of sides and 
angles of triangles (cf. Elem. 1.18-19), its appearance in B, E and H need not indicate 
source relations. Indeed, the presence of the unexplicated steps in G and K is more 
likely to indicate the oldest form; the other versions would thus reveal a variety of 

amplifications by later editors. J, like A, assumes without comment the analogues of 
the inequalities which the other versions attempt to justify. But at J: 5 a different step, 
also dealing with an inequality, is explicated in the portion I have marked off in 
parentheses. This clumsily laboured passage, quite out of keeping with the terse style 
of J over all, seems likely to be an interpolation. 

These patterns conform to the scheme of Table II. To summarise, affinities between 
the common source of E, F and K (to which K appears to provide best witness) and 
that of G and J derive through parallel descent from a source in which both lemmas 
were proved in closely analogous terms. An independent tradition is represented by 
A, resulting through editorial modifications of the prototype underlying E or some 
older version. (The converse relationship is excluded, since A could not provide a 
model for the prototype of G.) The Theonine versions display a sequence of elaboration: 
H diverges only slightly from G; its elaboration at H: 5 may be echoed by his addition 
at B:4. Theon's version C, which appears only a few chapters before H in the same 
Commentary on Ptolemy, adheres to a model like A without features distinctive of 
G or its elaborations in H, E and B; to frame a proof of the tangent lemma Theon 
has apparently referred to an alternative version (our [C']) somehow affiliated with 
A. The connection of C with the Euclidean text of A rather than with Theon's own 
recension of it (B) and the echoes of H in B can be explained by assuming that Theon 
composed his recension of the Optics later than his work on the Ptolemy Commentary. 
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APPENDIX 3. A KEY TO THE TEXTS 

As explained in Section II, each of the eight versions of the lemmas has been divided 
into numbered sections. These correlate with cited editions as follows (where the 
decimal notation specifies page and line): 
A: Euclid, Optics, prop. 8, in Euclidis Opera, ed. J. L. Heiberg (Leipzig: Teubner, 
1895), vii. 14-16 

A: 1 14.2-3 
A: 2 14.4-5 
A: 3 14.5-7 
A: 4 14.7-10 
A: 5 14.10-14 

A: 6 14.14-16 
A: 7 14.16-18 
A: 8 14.18-19 
A: 9 14.19-21 
A: 10 14.21-23 

A: 11 14.24-26 
A: 12 14.26-27 
A: 13 14.28-29 
A: 14 14.29-16.5 

B: Theon, recension of Euclid's Optics, prop. 8, in ibid., pp. 164-6 

B: 1 
B: 2 
B: 3 
B: 4 
B: 5 

164.2-3 
164.4-7 
164.7-8 
164.9-10 
164.11-12 

B: 6 
B: 7 
B: 8 
B: 9 
B: 10 

164. 12-13 
164. 13-15 
164.15 
164. 15-17 
164. 17-19 

B:1II 
B: 12 
B: 13 
B: 14 

164.20-2 1 
164.21-23 
164.23-24 
164.24-166.2 

C: Theon, Commentary on Ptolemy's Book 1, ed. A. Rome (Studi e Testi, 72, 1936), 
pp. 357-8 

C: 5 358.5-7 
C: 6 358.7 
C: 7 358.7-8 

C: 8 358.8-9 
C: 9 358.9-10 
C:1O 358.10-11 

D: Anonymous writer 'On Isoperimetric Figures' from the Jntroduction to Ptolemy, 
in F. Hultsch, ed., Pappi Collectio (Berlin: Weidmann, 1878), iii. 1140, 1142 

D: 1 1140.14-16 
D: 2 l142.9-12 
D: 3 1142.13-15 

D: 4 1142.15-17 
D: 5 1142.17 

D: 6 1142.18-19 
D: 7 1142.19-20 

E: Anonymous scholium to Theodosius' Spherics, ed. J. L. Heiberg (Gdttingen: 
Akademie der Wissenschaften, Abhandlungen, phil.-hist. KI., N.S. 15, no. 3, 1927), 158. 
195-6 

158.2-5 
195.21-22 
195.22-23 
195.24 
196. 1-3 

E: 6 196.3-4 
E: 7 196.5 
E: 8 196.5-7 
E: 9 196.7-8 
E: 10 196.8-10 

E:ll 
E: 12 
E: 13 
E: 14 

196.10-12 
196. 13-14 
196. 14-16 
196. 16-22 

F: Anonymous scholium to Pappus' Collection (ad 5. 1), in F. Hultsch, op. cit., i. 3 10; 
iii. 11 67 

F: 1 310.4-6 
F: 2 1167.7-8 
F: 3 1167.8-10 

F: 4 1167.11-12 
F: 5 1167.12-15 
F: 6 1167.15 

F: 7 1167.16-18 
F: 8 1167.18-21 
F: 9 1167.21-23 

C:1I 
C: 2 
C: 3 
C: 4 

357.8-10 
358.1-2 
358.3 
3 58. 3-51 

E:1I 
E: 2 
E: 3 
E: 4 
E: 5 
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G: Ptolemy, Syntaxis 1.10, ed. J. L. Heiberg (Leipzig: Teubner, 1898), i. 43-5 

G: 1 43.6-9 G:7 44.6-7 G: 12 44.12-13 
G:2 43.10-12 G:8 44.7-9 G: 13 44.14-15 
G:3 43.12-16 G:9 44n G: 14 44.15-17 
G:4 43.16-44.3 G: 10 44n G: 15 44.17-19 
G:5 44.3-4 G: 11 44.9-11 G: 16 44.19-45.8 
G:6 44.4-6 

H: Theon, Commentary on Ptolemy's Syntaxis (ad 1.10), ed. A. Rome (Studi e Testi, 
72, 1936), pp. 490-2 

H: 1 490.8-12 H:7 491.14-15 H: 12 491.20-21 
H:2 491.1-2 H:8 491.15-17 H: 13 491.21-22 
H:3 [om.] H:9 491.17-18 H: 14 491.22-24 
H:4 491.2-11 H: 10 491.18 H:15 491.24-25 
H:5 491.11-13 H: 11 491.18-20 H:16 491.25--492.5 
H:6 491.13-14 

J: Anonymous scholium to Aristarchus, Sizes and Distances, prop. 5, ed. Fortia 
d'Urban (Paris, 1810), pp. 121-2 

J: 1 [om.] J:7 122.2-4 J: 12 122.7-8 
J:2 121.10-11 J:8 [om.] J:13 122.8 
J:3 121.11-12 J:9 122.4-7 J:14 122.8-12 
J:4 121.12-14 J:10 122.7 J:15 122.12-14 
J:5 121.14-19 J:11 [om.] J:16 122.14-20 
J:6 122.1-2 
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